Structural Changein AR(1) Models
Terence Tai-Leung Chong

Econometric Theory, Vol. 17, No. 1. (Feb., 2001), pp. 87-155.

Stable URL:
http:/links.jstor.org/sici ?si ci=0266-4666%28200102%291 7%3A 1%3C87%3A SCIAM %3E2.0.CO%3B2-B

Econometric Theory is currently published by Cambridge University Press.

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journal s/cup.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archiveisatrusted digita repository providing for long-term preservation and access to |eading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It isan initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Mon Mar 31 14:15:15 2008


http://links.jstor.org/sici?sici=0266-4666%28200102%2917%3A1%3C87%3ASCIAM%3E2.0.CO%3B2-B
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/cup.html

Econometric Theory, 17, 2001, 87-155. Printed in the United States of America.

STRUCTURAL CHANGE
IN AR(1) MODELS

TERENCE TAI-FLEUNG CHONG
The Chinese University of Hong Kong

This paper investigates the consistency of the least squares estimators and derives
their limiting distributions in an AR(1) model with a single structural break of
unknown timing. Let B; and B, be the preshift and postshift AR parameter, re-
spectively. Three cases are considered: (i) |8;] < 1 and |B,| < 1; (ii) |B;] < 1
and B, = 1; and (iii) B; = 1 and |B,| < 1. Cases (ii) and (iii) are of particular
interest but are rarely discussed in the literature. Surprising results are that, in
both cases, regardless of the location of the change-point estimate, the unit root
can always be consistently estimated and the residual sum of squares divided by
the sample size converges to a discontinuous function of the change point. In
case (iii), ,32 does not converge to 8, whenever the change-point estimate is lower
than the true change point. Further, the limiting distribution of the break-point
estimator for shrinking break is asymmetric for case (ii), whereas those for cases
(i) and (iii) are symmetric. The appropriate shrinking rate is found to be different
in all cases.

1. INTRODUCTION

Previous studies in the literature of structural change focus mainly on changes
that take place in stationary processes, for example, a process that changes from
one stationary process to another. Recently, there also have been studies on
changes in nonstationary time series (Hansen, 1992). An interesting case of
structural change is found in Mankiw and Miron (1986) and Mankiw, Miron,
and Weil (1987); these authors conclude that the short term interest rate has
changed from a stationary process to a near random walk since the Federal
Reserve System was founded at the end of 1914. However, the asymptotic theory
on this kind of structural change still remains unexplored.

In this paper, we develop a comprehensive asymptotic theory for an AR(1)
model with a single structural break of unknown timing. Specifically, we ex-
amine the case where an AR(1) process changes from a stationary one to a
nonstationary one (or the other way around). In each case, the asymptotic cri-
terion function is derived, consistency of estimators is established, and limiting
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distributions of estimators are also derived. As far as economic applications are
concerned, we will restrict our discussion to the case where both the preshift
and postshift parameters are in the interval (—1,1].

The plan of the paper is as follows. Section 2 presents our basic model. Sec-
tion 3 deals with the case where the preshift and postshift parameters are both
less than one in absolute value. Section 4 studies the case where the preshift
parameter is less than one in absolute value and the postshift parameter equals
one. Section 5 examines the case where the preshift parameter equals one and
the postshift parameter is less than one in absolute value. Section 6 discusses
Monte Carlo experiments, and Section 7 concludes the paper. Mathematical de-
tails are collected in Appendices A-K.

Interesting findings include the following results: (i) in Sections 4 and 5 the
asymptotic criterion function is random and has a sudden jump at the true break
point; (ii) in Section 4, the asymptotic distribution of the break-point estimator
for shrinking break is asymmetric; and (iii) in Section 5, the preshift estimator
is always consistent, whereas the postshift estimator ,[;’2 does not converge to
B, once the change-point estimate is lower than the true change point.

2. THE MODEL

Our basic model is an AR(1) model without drift, with a structural break in the
AR parameter 8 at an unknown time ky. We consider the following model:

Ve = By Hr=kot + Boy  Ht > kot + &, (r=12,...,T), @®

where 1{-} is an indicator function that equals one when the statement in the
braces is true and equals zero otherwise.

We let 7o = ko/T be the true break fraction and make the following
assumptions.

(A1) yo is drawn from an independent and identical distribution with zero
mean and a finite variance.

(A2) & ~ i.i.d.(0,0%) V1,0 < 0% < o0, and E(g}) < oo.
We let k = [7T] where [-] is the greatest integer function and define k =
[7T] and k = [7T].

Our interests are to estimate the structural parameters 3, and 8, and the time
of change 75. We estimate the following model:

5= By e = [#,T1H + Boy, e > [#,T1} )
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The estimation method employed here is the least squares method proposed
in Bai (1994a, 1994b) and Chong (1995). For any given 7, the ordinary least
squares (OLS) estimators are given by

[+T]
> VYo
1

Bi(r) = T @)

Bo(1) = ——, @)

and the change-point estimator satisfies

77 = Argmin RSS;(7), Q)
7€(0,1)
where
[=T] . T .
RSST(T) = 2 ()’z - 31(7))’:~1)2 + [ 2] ()’z - 32(7)%—1)2-
1 rT]+1

We write k = [#;T], B = B1(77), and B, = Ba(77). Throughout this paper,
we let Bi(-) and B,(-) be two independent Brownian motions defined on the
non-negative half real line R and B(-) and B(-) be two independent standard
Brownian motions on [0,1]. The symbol = denotes the weak convergence of a
stochastic process, RN represents convergence in probability, 5 denotes con-
vergence in distribution and £ stands for identical in distribution. To achieve
notational economy, the integral of a Brownian motion with respect to Leb-
esgue measure [B(r) dr is written as [ B . The stochastic integral [B(r) dB(r)
is written as [ BdB.

3. CASE WHERE |8, < 1 AND |B,]| < 1
3.1. The Asymptotic Criterion Function

Consider the model in (1) with |8;] < 1 and |B,| < 1. A similar model has
been studied by Salazar (1982), who provides a Bayesian analysis of structural
changes in stationary AR (1) and AR(2) models with a known change point. In
our model, the change point 7y is unknown and has to be estimated by 77. To
show the consistency of 77, the usual practice is to show that (1/T)RSSy(7)
converges uniformly to a nonstochastic function that has a unique minimum at
T = 7¢. Thus, we will focus on the asymptotic behavior of (1/T)RSS7(7). The



20

TERENCE TAI-LEUNG CHONG

following lemma is useful in deriving the limiting behavior of the criterion func-
tion (1/T)RSS7(7) and in proving Theorem 1, which follows.

LEMMA 1. Let {y,}\_, be generated according to model (1) with |B,| < 1
and | B,| < 1. Under Assumptions (A1)—(A3), we have

(3a)
(3b)
(3C)b
(3d)
(3e)
(3f)
(3g)
(3h)

(31)

[75T1]
sup 2 Yi—1&:| = op(l);
O=ry=71p=1 [74T]
[7T] 2
12 TyO
EAD O AL
T ; Ye=1 1- g2
1 K (1—7)0?
D TR
[7T]+1 B3
1 LTl (19— 102
sup | — > Y- (; ——| = 0,(1);
T=T=T) [+T]+1 1
sup |B,(7) = Bi| = 0,(1);
T=T=T)
5 (ro =11 =B3)B1 + (1= 7)1 = B})B, _
Sup BZ(T) - 2 2 - Op(l);
T=7=7, (o—7)(1=B)+ (- 70)(1 = B7)
1 7] (1 —19)0?
sup | = 2 - = 0,1
‘ro<‘rl:;1" T [70;]“ it 1- Bzz ’
sup | By(7) — To(1 = B3)B1 + (r — 1) (1 = B}) B, =0 (1);
ro<r=r | 7o(1 = B3) + (1 = 70)(1 - B?) P
sup lﬁz(") - Bl = Op(l)'
TO<T=T

Proof. See Appendix A.

Note from (3e) that when 7 < 7 =< 7,, 8,(7) converges uniformly to 3,. This
should be obvious because 3;(7) only utilizes the data generated by the pro-
cess y, = B1y—1 + &. However, from (3f), B,(7) converges uniformly to a
weighted average of 8, and B3,. The weight depends on the true change point,
the true preshift and postshift parameters, and the location of 7. When 7, <
7 = 7, (3h) and (3i) display similar results.

From Appendix B, the asymptotic behavior of the residual sum of squares is

as follows:
l 2 (1= 7)(1 — 79) (B, — B))*0? _
S T RS e =+ (=i =g |~ @
(6)
1 5 1T = 1) (B — 1)’ B
S | RS e e -y | -

)
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RSS(Kk)/T
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FIGURE 1. Graph of (1/T)RSSy(r) for B; = 0.5, B, = —0.5, T = 4000.

One can easily verify that (1/T)RSS;(1) converges uniformly to a piecewise
concave function of 7 that attains a unique global minimum at 7 = 7y. A sim-
ulation of (1/T)RSSy(7) for T = 4,000 is plotted in Figure 1.

3.2. The Consistency and the Limiting Distributions of ﬁ1 and ﬁz

If both B, and B, are less than one in absolute value then the process is said to
be stationary throughout. It is not difficult to show that all the OLS estimators
are consistent in this case. Bai (1994a, 1994b) shows that, in the conventional
stationary case, the change-point estimator is 7-consistent. This convergence
rate is fast enough to make the limiting distributions of B1 and j3, behave as if
the true change point 7, is known. Theorem 1 establishes the asymptotic nor-
mality of ﬁl and B,.

THEOREM 1. Under assumptions (A1)~(A3), if |Bil < 1and |B,| < 1, the
OLS estimators %7, B1(77), and Bo(7r) are consistent and
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1
|TT - TOl = 0p(?>7

NT (B, (TT)—BI)—sN( ;Bl> @)

1*7'0

AL 1-p3
\/-T(BZ(TT) - B2) - N(O, —t2 )
Proof. See Appendix C.

Thus, 8,(#7) and B,(77) are asymptotically normally distributed, with vari-
ances depending on 3, 3,, and 7.

3.3. The Limiting Distribution of 7, as B, Collapses to B8,

In this section, we consider the limiting distribution of 7. For a shift with fixed
magnitude, Hinkley (1970) showed that the limiting distribution of the change-
point estimator depends on the underlying distribution of the innovation &; in a
complicated manner. Thus, statistical inference on the change point under a
break of fixed magnitude is difficult to perform. To obtain a limiting distribu-
tion of 7 invariant to &;, we have to let the magnitude of change go to zero
at an appropriate rate. Further, to ensure the consistency of 7, we should let
|B> — B shrink at a rate slower than the rate of convergence of ,31(70) and
/§2(TO) so that there still exists a relative shift in parameters. To achieve this,
we fix B, and let B,; be a sequence of B, such that |8,7 — 81| = 0 and
NT|Boy — Bi| = 0 as T — .
Recall from equation (5) that the change-point estimator is defined as

ArgmlnRSST(T) Argmln{RSST(r) RSS7(75)}-

Let v € R be a finite constant. We first examine the asymptotic behavior of
RSS7(7) — RSSy(7p) at the region 7 = 75 + v/T(Byr — B1)?. From Appen-
dix D, we have the following expressions.

Forv =0,
RSS,(7) — RSSy(rg) = 2028, | -2 ) 4 Z21Y )
! e \1-p87) 1-8%
Forv > 0,
RSy (7) — RSSy (1) = —202B, [ —— ) 4+~ (10)
T)— T — L0
T VANV 2 1 __Blz 1_312

where B,(+) and B,(-) are defined in Section 2.
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Let r = v/(1 — B{) and applying the continuous mapping theorem for
argmax functionals (Kim and Pollard, 1990), we have the following theorem.

THEOREM 2. Under assumptions (A1)—(A3), suppose we fix |B;| < 1 and
let Bar be a sequence of B, such that |Byy — B1| = 0 and NT|Byr — B1] = o
as T — co. Then the limiting distribution of 71 is given by

T(ﬁzr - ﬁl)z
1-pB7
where B*(r) is a two-sided Brownian motion on R defined to be B*(r) = B,(—r)

for r < 0and B*(r) = By(r) for r = 0. The terms B,(-) and B,(-) are defined in
Section 2.

(Fr— 7o) i)Argmax(B*(r) _1 |r|>, (11)
reR 2

Proof. See Appendix D.

The exact distribution of the right hand side in (11) was first derived by Pi-
card (1985). Yao (1987) tabulates the numerical approximation of this distribu-
tion. To understand the implication of Theorem 2, consider a Brownian motion
moving along an inverted-V shape linear function with a kink at 7. Because 7
is the location where this motion achieves its maximum, its limiting distribu-
tion will be symmetric.

One should be careful that (11) is not the exact distribution of the change-
point estimator for fixed shifts as we are letting the shift shrink to zero when
deriving the theorem. Rather, the theorem serves to provide a conservative con-
fidence interval for 7, when the shift is small.

4. CASE WHERE |B,| < 1and B, =1

We now consider the case where the AR(1) process shifts from a stationary
process to an I(1) process. It is well known that the distribution theory for the
least squares estimator in an AR process with a unit root or near unit root is
nonstandard. See, for example, White (1958); Dickey and Fuller (1979); Lai
and Siegmund (1983); Ahtola and Tiao (1984); Chan and Wei (1987, 1988);
Phillips (1987, 1988), and Perron (1996).

4.1. The Asymptotic Criterion Function

In our case, when B, = 1, the criterion function (1/7)RSS;(7) behaves very
differently. The following lemma is useful in deriving its limiting behavior and
in proving Theorem 3, which follows.

LEMMA 2. Let {y,}]_, be generated according to model (1) with |B,] < 1
and B, = 1. Define
_ oo}.

B = (19,71 N {T:¢0+ é—:j= 1,2,...,[(1=7,)T] and lim

T—o0

5
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Then under Assumptions (A1)—(A3), we have

[70T]

(4a) | = X yire] = 0,(1;
1

1 Z (1-7y)0?
@b) = 3 i =
[7oT]+1

(B2(1) = 1) = 0,(1);

1 T 1
(4c) — 2 o= (- To)zo'zf B*= 0,(1);
0

T? (7141

[70T1

2 Yi-18;

[+T]+1
[7oT]

= 2 )’:2—1—

T (+77+1 1- B¢
(4f) sup |By(7) = Byl = 0,(1);

T=T=T)

1
(4d) sup =—

T=T=Ty T

= 0,(1);

- 2
(4e) sup M

0=r=7y

= 0,(1);

R 1
(4g) sup [Ba(m) -1 = 0p<-T—>;

TST=T)

(4h)  sup |B,(7) — Byl = 0,(1);

ITST=T)H
1] 7]
(41) — Yi—18| = 0,(1) forr € EL;
[7oT]+1
1 T
4) =| X Yi-18|=0,01) forreEL;
T |(+77+1

(4Kk) [By(r) ~ 1] = 0,,("\71_;) forr € EY;

@) 1By(r) — 1] = o(%) for v € &1

Proof. See Appendix E.

=T

Note that the set 2% is different from the set (7, 7] as B} excludes se-
quences of 7 that converge too fast to 7o. For example, 2% contains all given
constants 7 such that 7y < 7 =< 7. The sequence 7 = 7¢ + (1/log T') also be-
longs to E%. However, the sequence 7 = 75 + (1/7) is not in E%. From Ap-

pendix F, we have

(1-B)(rg—1)0?

1
sup |= RSSy(1) —0o? —

=0,(1) 12)
T=T=T T 1 + B] d
and
1 1- 2
L RS (r) 25 g2 4 UZPITOT e a3)

T 1+ 5
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Note from (12) and (13) that (1/T)RSS7(7) converges uniformly to a down-
ward sloping linear function for 7 = 7 = 7y and it converges to a flat line
located above o? for 7 € E”. Further, there is an asymptotic gap between
(1/T)RSS7(7) and (1/T)RSSy(7) for + € E”. The transitional process begins
at 7o and completes at the left boundary of Z%. Thus the set 2% establishes the
rate at which plim(1/T)RSS7(7) jumps from o2 to a flat line located above o2
once T > 7,. This rate serves as a conservative rate of consistency of 7.

To examine the consistency of ,31, we have to investigate the transitional

behavior of (1/T)RSSy(7). It should be noted that, for any constant ¢ > 0,

ko
21: €Y1
Bi(1o + T ") = 0,(a,c)| By + B

2 yt2—1
1

ko+[cT?]

2 Vi1

ko+1
ko+[cT?] ’

2 )’t2~1

+ (1= 07(a,c))| 1+

where 87(a,c) = (S yZ /(S y2, + ST y2).
For a < %, we have

OT((,Z,C)L) 1’ BAI(TO_‘_CTG_I)—P—)BI’

and
1 1y Py 2
T RSSy (79 + T ') > 0%
For 3 < a < 1, we have
GT(a,C) L) O, BI(TO + CTa—l) “PL) 1,

and

(1 *31)7'00'2

1 -
7 RSS7(ro +cT*™") o+ T+,

This implies that if the convergence rate of 77 is faster than T''/? then 3, will
be consistent; otherwise it will be inconsistent.
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Note that the transition is defined only when a = 3, which means the speed

of the transition is 1/\T. For a = %, Appendix F shows that

1 T
0T<'2—,C>=> 0

e+ (-g) [ B
0

mm+u—ﬂ®LB§

A

Bi(nt )=

To"‘(l—BlZ)f B32
0

7'00'2(1 - 31)2

1 c )
FRSST T0+—'ﬁ =0°+ - -
o [[5) +1-s
0

o2+ 0(c), (14

where B;(-) is a Brownian motion defined on R,. Note that when ¢ = 0,
(1/T)RSS7(19) 2> o2, and as ¢ — oo, (1/T)RSSy(1o + (¢/NT)) 2 o2 +
[(1 = B)7ec?]/(1 + B,). Because d¢(c)/dc > 0, the transition is monotoni-
cally increasing.

Figure 2 simulates the behavior of (1/T)RSSy(7) using T = 4,000. For
T = 7T, it is linear and decreasing. For 7 > 7, it is flat and has a sudden
jump near 7.

4.2. The Consistency and the Limiting Distributions of 7, ﬁ1, and ﬁz

For a fixed magnitude of the break, Theorem 3, which follows, shows that ,é 1
is asymptotically normally distributed with a variance depending on B, and 7,
whereas Bz has a scaled Dickey—Fuller distribution.

Similar to Section 3.3, we should let the magnitude of the break go to zero at
a certain rate to obtain the asymptotic distribution of 7. However, if we make
B converge to B,(= 1), the process {y,}*2, will be a near unit-root process.
Thus, we are dealing with a structural change from a near unit-root process to
an exact unit-root process.

We fix B, at 1 and let 8,7 be a sequence of B; such that 8,7 — 1 and
T(1 - Byr) > was T — oo.

Consider the region 7 = 7y + v/T(1 — B,7) where v € R. From Appendix G,
we have the following expressions.

Forv =0,

RSS7(7) = RSS7(70) = =20 2By ([v]) B,(3) + [v] B2 ().
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FIGURE 2. Graph of (1/T)RSSy(7) for B; = 0.5, B> =1, T = 4000.

Forv > 0,

RSS7(7) — RSS7(75)

= 20'2J;)U<B2(S) + Ba(%>> dB,(s) + O'2J(;U<BZ(S) + Ba(%»zds,

where B,(+) and B,(-) are defined in Section 2. The expression B,(3) is gener-
ated by [, exp(—s) dB,(s).

Theorem 3, which follows, states that as 8, approaches one, the limiting dis-
tribution of 77 is the argmax of a random process moving along an inverted-V
shape linear function on the real line.

THEOREM 3. Under Assumptions (AD)—=(A3), if | 81| < 1 and B, = 1, the
OLS estimators 77, B1(#7), and Bo(77) are all consistent and
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1
- ai=o(2).

. |- g2
NT (B1(37) — By) i>N(o,——T£>, (15)

0

B2(1)—1

T(BAz(f'T) -= -
2(1 - To)f B2
0

Suppose we fix B, at one and let B,y be a sequence of 1 such that
|1 — Birl = 0and T(1 — Byy) = o as T — oo. Then the limiting distribution
of Tr is given by

(1= By7p)T (77 — 7o) % Arg max - =},
vER (1> 2
B,\ -
2

where C*(v) is defined to be C*(v) = B;(—v) for v = 0 and

C*(v) = =B, (v) — f Ba(s) dB,(s) fo _Ba(s) +1\B,(s)ds

sf3) ()

The terms B, (-) and B,(-) are defined in Section 2. Here B,(3) is generated by
Jo exp(—s) dB(s).

Proof. See Appendix G.

forv > 0.

An interesting and important feature of Theorem 3 is that the distribution
of 7; is asymmetric about 7. An intuitive explanation for this result is that
(1/T)RSSy(r) for breaks with fixed magnitude is asymmetric in the neigh-
borhood of 7, as shown in Figure 2. As we compress the size of break, this
asymmetry perseveres. Thus, 77 = arg min RSS;(7) should also be asymmet-
ric about 7.

5. CASE WHERE B8, =1 and |B,| < 1

Consider the case where 8; = 1 and |B,| < 1. Intuitively, it seems that the re-
sults of this case are the mirror images of the case where |8;] < 1 and 8, = 1.
However, we show that a time reversing argument cannot be applied to model
(1). The findings in this section turn out to be very different from those in
Section 4.



STRUCTURAL CHANGE IN AR(1) MODELS 929

5.1. The Asymptotic Criterion Function

The following lemma is useful in deriving the limiting behavior of (1/T)RSS;(7)
and in proving Theorem 4, which follows.

LEMMA 3. Let {y,}~, be generated according to model (1) with 3, = 1
and | B,| < 1. Define

Bl =[1,79) N {T =7~ %:J’= L2,....[7T] and  lim -\71_; = oo}
and let E%. be defined as in Lemma 2. Under assumptions (A1)-(A3), we have

1 [70T] 0.2
(5a) ; ; V18 = '"2— (B*(1) — 79) = 0,(1);

1 T 4 vlo 0,4
= Y18 N 0, =—— );
ﬁ[TOT]‘Fl o 1- 22

1 [7oT] To
(50 = ; yf.lzozfo B2=0,(1);

(5b)

1 7] T — 70+ B%(1,)
(5d) = 3 yii=m———— o
TWEJH ! 1- 83

1 271
(5e) sup |= 3 y_1&| = 0,(1);
rexl | T 7
l [7oT]
(5f) sup |= D yoig| =0,(1)
reg? | T [77+1

A 1
G sl -11-0,(3 )
TER

(5h)  sup |Ba(7) = 1] = 0,(1);

TEEL
1 7]
(51) sup |= X y_i&| =o0,(1);
€85 | T [ryT1+1
1 T
(55) sup [= X yoi&| =0,(1);
BT T[TT]+1

A 1
(59 sup A -11-0,(3 )

TEEL T

() sup |Bo(r) = Bal = 0,(D).

TEEL
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Proof. See Appendix H.

The set 5. serves a similar purpose to that of 2% in Lemma 2. The term E7
excludes sequences of 7 that converge to 7, at a speed faster than 1/ \T. For
example, 57 contains all given constants 7 such that 7 = 7 < 7. The sequence
7r = 7o — (1/log T') also belongs to 7, but the sequence 7 = 7o — (1/T') does
not.

We now derive the asymptotic behavior of (1/T)RSS7(7). From Appendix I,
we have the following expressions.

Forr € BT,

(1- Bz)(l — Tt BZ(TO)) 2
o

1
T RSS; (1) = 0% +

1+ 8, ’
1
sup = |RSSy(7,) — RSSr(7,)| = 0,(1). (16)
'ra,*rbGEZ T
For 7 = 1,
1 14 2 .
T RSS(79) = o2 an

For 7 € 2%,

A=B)(r =7+ BZ(To)) 2
1+8, 7

1
— RSSy(7) = o2+

1 1
sup — IRSST(T) — RSS; (7- + ;). = 0,(1). (18)

TEHL

Note from (16) that, for 7 € E”, (1/T)RSS;(7) converges to a flat line lo-
cated randomly above o2 + [(1 — B,)(1 — 7o) a2]/(1 + B,) > 2.

For 7 € E%, (1/T)RSS;(7) converges to a random upward-sloping linear
function of 7. The lower support for this line is o2 + [(1 — B,)(7 — 79) 2]/
1+ B,) > o2

In both situations, (1/T)RSS;(7) converges to a random line whose position
depends on the true change point 7, the postshift AR parameter 3,, and the
realization of the standard Brownian motion B(7,). Note that the larger the mag-
nitude value of break (1 — 3,), the more easily the change will be detected.

Note that we work with EX and E% in this section to reflect the fact that
plim(1/T)RSSy(7) is discontinuous at both sides of 7, whereas we work with
the interval [7,7,] and Z% in Section 4 because plim(1/T)RSS7(7) is only dis-
continuous at the right-hand-side neighborhood of 7.
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Figure 3 simulates the behavior of (1/T)RSSy(7) with T = 4,000. For
T < 7y, it is a random flat line and has a sudden plunge near 7y. For 7 > 7,
it is linear, random, and increasing, which agrees with our theory.

5.2. The Monotonic Transition

Note that for any positive constant ¢ bounded away from 0, there is an asymp-
totic gap between (1/T)RSS(7q) and (1/T)RSSy(79 = ¢). The speed of the
transitional process is 1//T, and the transition is completed in 27 and E7,
respectively. To investigate the consistency of the change-point estimator, it is
sufficient to show that the asymptotic transition of (1/7)RSSy(7) from 7 = 7,

to 7 = 7y = ¢ is monotonically increasing.

RSS(k)/T

o4
T

.00

— 1 A L . ! L 1 L L ! X ! L | L 1 L

0 400 800 1200 1600 2000 2400 2800 3200 3600 4000
k
Fi1GURE 3. Graph of (1/T)RSSr(7) for B, = 1, B, = 0.5, T = 4000.
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From Appendix J, for m = 0,1,2,... and (m/T) — 0 as T — oo, we have

sup ﬁ1<7 - i;—) —1| = 0,(1)
and
S m (1= BH)mB () (1 - B)
P (TO h T) “ B (1= B2)mB2(1y) + 1 — 79 + B?(7,)’ 19
1 m (1—75+ Bz(To))(l - Bz)szz(To)
?RSST<TO— T):o- " (1".322)’"52(7'0)"'1_7'0"'32(7'0) o’
2 o2 + hy(m). (20)

If m = 0, we have (1/T)RSS(7,) = 2. As

1 1-B,)(1—1,+B? 2

s, (= ) w4 LB B0
1+ 5,

Thus, we bridge the gap between (1/T)RSSy(7) and (1/T)RSSy (7 — ¢). For
T=1y+ (m/T),m=0,1,2,..., and (m/T) - 0 as T — oo, we have

Bl <7'0+ %) - 1| = Op(l),

Bz <7'0 ) B2

From Appendix J, we also have

(1-B,)Br)(1 - B2")
1+ B, 7

= 02 + hy(m). 21

If m = 0, we have (1/T)RSSy(79) 2> 0. As m — oo, (1/T)RSSy(7o +
(m/T)) = o? + {[(1 — B,)B%*(1,)]/(1 + B,)}c% Thus, we bridge the gap
between (1/T)RSSy(7o) and (1/T)RSS7(7o + c).

Note from equations (20) and (21) that, for all m > 0, we have h;(m + 1) >
hi(m) > hy(0) = 0 and h,(m + 1) > hy(m) > h,(0) = 0. Thus the transition is
monotonic. Note also from equation (19) that, unless m = 0, B0 — (m/T))
does not converge to 3,!

m — o0

sup
m

sup
m

= 0,(1).

1 m )
;RSST 7'0+*7‘; =0+

Remarks. However, because of the special behavior of (1/T)RSSr(7) de-
scribed in equations (16)—(18) and (20)-(21), we will have limy_o Pr(k #
ko) = 0. Thus, B, should be a consistent estimator of 3, in practice. See Theo-
rem 4, which follows.
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5.3. The Consistency and the Limiting Distributions
of 77, B,, and B,

Despite the fact that 3, is extremely sensitive to the local behavior of k, Ap-
pendix K shows that for a fixed magnitude of break, limy.,, Pr(k # ko) = 0.
This means T(#; — 7,) <> 0. Hence the distribution of #; degenerates very
fast for any fixed magnitude of break. However, if we allow 3, to converge to
Bi(= 1), the process {y,};=,+1 Will be a near unit-root process with an initial
value drawn from an /(1) process. Thus, we are dealing with structural changes
from an exact unit-root process to a near unit-root process with a nonstationary
initial value.

We fix B, at one and let B, be a sequence of 3, such that NT(1 = Boy) —
0and T%*(1 — Byy) = 0 as T — oo.

Consider the region 7 = 7y + v/(1 — B,7)*T? where v € R. From Appen-
dix K, we have the following expressions.

Forv =0,

RSS;(7) — RSS; (1) = —2B(7y) 0B, (|v]) + |v|o2B?(1,).
Forv > 0,

RSS;(7) — RSS; (1) = —2B(7y) 0B, (v) + va?B?*(7y),
where B,(-), B,(+), and B(-) are defined in Section 2.

THEOREM 4. Under Assumptions (A1)—=(A3), if By = 1 and | B,| < 1 then
71, Bi1(71), and B,(7y) are consistent, and

Pr(k # ko) — 0,

BZ(TO) — Ty

70 ?
[n

0
— R2B
\/—T—(,éz(f'T) =By = T_L"EE‘B”(’I_)“

7o+ Bz(To).

T(Bi(7p) — 1) = (22)

Suppose we fix B, at one and let B,y be a sequence of B, such that NT(1 -
Bar) = 0 and T**(1 — Byy) — o0 as T — co. Then the limiting distribution of
T is given by

B*(v) 1
1- 2T2(%, — 1,) %> Argmax - —lvl),
(1= Bor) (f7 — 7o) §ER ( B(ry) 2 [v]
where B*(v) is a two-sided Brownian motion on R defined to be B*(v) = B,(—v)
for v =0 and B*(v) = B,(v) for v > 0. The terms B(-), By(-), B(-), and B(-)
are defined in Section 2.
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Proof. See Appendix K.

Thus ,@1 has a scaled Dickey—Fuller distribution. The term ,éz can be de-
scribed as being asymptotically normally distributed with a random variance.
This is because

T

2 8tyt-l/\/_f

[TOT]+1

NT(B,—B,) = +0,(1),
2 ytz—l/T

[ToT]+1

the numerator follows a central limit theorem, and the denominator converges
to a random variable by (5b) and (5d) in Lemma 3.

The rapid rate of convergence of k in Theorem 4 is very surprising. The rate
in this case is much faster than those in the previous two cases. In previous
cases, we only have |k — kol = 0,(1); that is, the estimation of k, is always
subject to an error of order O,(1). Now, with 8y = 1 and |B,| < 1, ko can be
precisely estimated asymptotically, despite the fact that kg — o0 as T — oo.

Further, as 3, approaches one, the limiting distribution of 7 is the argmax
of a random process moving along an inverted-V shape linear function.

6. MONTE CARLO EXPERIMENTS

For empirical applications, we perform the following experiments to see how
well our asymptotic results match the small-sample properties of the estima-
tors. In all experiments, the sample size is set at 7 = 200 and the number of
replications is set at N = 20,000; {y,}_, is generated from model (1); {g,}_, ~
nid(0,1) and y, ~ nid(0,1) independent of {&,}"_,. The true change point is set
at 7o = 0.5.

Experiment la. This experiment verifies equation (19), which predicts that
when B, = 1 and |B,] < 1, the postshift structural estimator B,(7) does
not converge to B, whenever 7 < 7. We let 8; = 1; B, = 0.5, 0, —0.5.

Let B,(7) be the mean of B,(r) in 20,000 replications. We consider those 7
in the neighborhood of 7¢(= 0.5).

Note that when 8y = 1 and |B,| < 1, the estimate of B, is inaccurate
for 7 < 7,. The strange behavior of B,(7) is highlighted by italic figures in
Table 1. Note that B,(7) is not close to 3, even for 7 = 7, — (1/T) = 0.495.

Experiment 1b. With |8;] < 1, 8, = 1, and 7 close to 7y, we will show that
both B,(7) and B,(7) are very close to the true parameters B8; and 3,, respec-
tively. Let 8, = 0.5, 0, —0.5; B, = 1.

The results in Table 2 do not image those in Table 1. Here ,31(7) is very
close to B;. Note that in experiments la and 1b, the estimates of the umt root
are close to one in all cases.
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TABLE 1. Results for experiment 1a

B 31(7') ﬁz(T) ,3A1(7') ,éz("') 31(7') ﬁz(T)
T\ B Bi=1 2 =0.5 B1=1 B2=0 Bi=1 B2=—05
0.480 0.9819 0.7041 0.9817 0.4703 0.9819 0.1350
0.485 0.9820 0.6773 0.9819 0.4163 0.9821 0.0541
0.490 0.9822 0.6401 0.9821 0.3413 0.9823 —0.0550
0.495 0.9824 0.5869 0.9822 0.2249 0.9825 —0.2160
0.500 0.9826 0.4930 0.9824 0.0009 0.9826 —0.4939
0.505 0.9728 0.4915 0.9628 0.0012 0.9529 —0.4923
0.510 0.9702 0.4903 0.9622 0.0013 0.9450 —0.4913
0.515 0.9693 0.4899 0.9617 0.0013 0.9423 -0.4909
0.520 0.9689 0.4898 0.9612 0.0013 0.9409 —0.4908

Experiment 2. This experiment simulates the distributions of By and B,.

Case 1: B; = 0.5, B, = —0.5;

Case 2: B; =0.5, B, =1;
Case 3: B; =1, B, =0.5.

Figures 4 to 6 display the results for Cases 1 to 3, respectively.
For Case 1, Theorem 1 states that both ,él and 3, are asymptotically nor-
mally distributed. The theorem is well supported by Figure 4 even for a sample
size of 200.
For Case 2, Figure 5 shows that the small-sample distribution of B is ap-
proximately normal, whereas ﬁz appears to have a Dickey-Fuller distribution.
Both results agree with the theorem.

TABLE 2. Results for experiment 1b

31(7') ,éz(T) ﬁl(”') ﬁz(T) ,él(T) éz(T)
T\B  Bi=05 B=1 Bi=0 B=1 Bi=-05 pp=1
0.480 0.4899 0.9817 —0.0001 0.9810 —0.4902 0.9788
0.485 0.4900 0.9820 —0.0000 0.9815 —0.4903 0.9799
0.490 0.4900 0.9823 —-0.0000 0.9820 —0.4904 0.9809
0.495 0.4901 0.9827 —0.0000 0.9825 —0.4905 0.9819
0.500 0.4902 0.9830 —0.0000 0.9830 —0.4905 0.9830
0.505 0.4956 0.9830 0.0109 0.9830 —0.4756 0.9830
0.510 0.5044 0.9830 0.0301 0.9830 —0.4512 0.9829
0.515 0.5158 0.9830 0.0559 0.9830 —0.4193 0.9829
0.520 0.5290 0.9829 0.0862 0.9830 —0.3819 0.9829
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.36

FIGURE 4. (2) Distribution of \[7,T/(1 — B2)(B, — B1); —— (T = 200), «+----
(T = ). (b) Distribution of \[(1 — 74)T/(1 — B3)(B, — Ba); —— (T = 200), -++---
(T = o0).
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FIGURE 5. (a) Distribution of \/7,7/(1 —B7)(B; = B); — (T = 200), -----
(T = o0). (b) Distribution of (1 — 70)T/(B2 — B2); (T = 200), ------ (T = ).
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(b)

FIGURE 6. (a) Distribution of 7oT(8; — B1); —— (T = 200), +++---

tribution of \[T/(1 — B3) (B, — Ba); —— (T = 200), +++--

(T = o).
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For Case 3, Theorem 4 predicts that ,[;‘1 should have a Dickey-Fuller distri-
bution and ﬁz should have a normal distribution. Figure 6 agrees with Theorem 4.

Note that in a small sample, the variation of 7 is nontrivial. This variation is
the main source of the small-sample bias of ,@1 and ,éz. In Case 1 where both
the pre- and postshift processes are stationary, the small-sample bias is very
little. However, in Cases 2 and 3, ,[;‘ 1 and ﬁz consist of both stationary and non-
stationary observations; thus their small-sample distributions should look like a
mixture of normal and Dickey—Fuller distributions. From Figures 5a and 6b, it
is clear that the small-sample distribution has a larger variation and is more
skew than a normal distribution. From Figures 5b and 6a, the small-sample
distribution has a smaller variation than and is not as skew as a Dickey—Fuller
distribution.

Experiment 3. In this experiment, we simulate the distribution of 7 for shrink-
ing break.

Case 1: B, = 0.5, By = 0.5 — T~ V8,
Case2: Bipr=1—T"4 B, =1,
Case 3: B1=1,B,r=1—T7%8

Thus, in each case, we simulate the behavior of T%*(#7 — 7).

Figures 7(a)-7(c) display the results of Cases 1 to 3, respectively.

For Cases 1 and 3, Figures 7a and 7c show that 7 is symmetrically distrib-
uted, as predicted by Theorems 1 and 4.

For Case 2, Theorem 3 predicts that 7, should be asymmetrically distributed.
Figure 7b agrees with our predictions.

Theoretically, as T — oo, the domain for 73/4(#; — 7,) should be unbounded.
However, because we fix T at 200 in this experiment, and 7 is searched within
the (0,1) interval, hence the simulated distribution of T3#(%; — 7,) is bounded
in the interval (—200%* X 0.5, 200** X 0.5) = (—26.6,26.6). Note that the
distribution of 77 has a “boundary effect,” especially for Case 3, in that there is
a lot of mass near the boundary. The clustering of mass at the boundary is due
to the large value of Var(B,(7) — ,13’1(7')) when 7 nears zero or one. Although
|E(,32(T) B1(T)| = |E(By(ro) — ﬂl(TO))I for all 7, actual realization of
| B,(7) — B1(7)| may be larger than | B,(7o) — Bi(7o)| in finite sample, espe-
cially for the case where 7 is near the boundary. For example, when 7 is near 0,
,él(r) will be calculated based only on very few observations, and therefore it
has a large variance. Note that 77 is generated by the minimization of RSS7(7),
or in other words, by the maximization of |3,(r) — B1(7)|. Thus, the probabil-
ity that 77 falls into the boundary is nontrivial. This phenomenon will disap-
pear as the sample size goes to infinity.

7. CONCLUSION

AR models have been used extensively in economics. Many economic vari-
ables such as interest rates, real consumption, and real gross domestic product
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FIGURE 7. Distribution of T34(#r — 0.5): (a) B; = 0.5, B, = 0.5 — T~V/3; (b) B; =
1-T V4 B,=1;(c)B1=1,B=1-T%8

(GDP) can be well predicted by their own lags. Some variables exhibit station-
arity, whereas some variables display nonstationarity. A shock to the produc-
tion technology or a sudden change in the government policy may cause
structural changes in these autoregressive models. In particular, the changes
may cause a stationary process to shift to a nonstationary one or vice versa.
In this paper, we present a structural change AR(1) model with independent
and identically distributed (i.i.d.) innovations. We discuss three cases of struc-
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tural changes. Case 1 deals with the change from a stationary process to an-
other stationary process. Case 2 examines the situation where a stationary process
shifts to an /(1) process. Case 3 discusses the situation where an I(1) process
shifts to a stationary process with a nonstationary initial value. In each case,
consistency of the least squares estimators is established, and their limiting dis-
tributions are derived. Having the limiting distributions of these estimates al-
lows us to carry out statistical inference on the parameters of interest.

Cases 2 and 3 are intriguing. Results of these two cases do not mirror-
image each other, which is counterintuitive. A possible explanation for this
asymmetry is that for Case 2, the initial value of the postshift process is sta-
tionary, whereas Case 3 is nonstationary. Another explanation is that we are
excluding an intercept in our model. As pointed out by Banerjee, Lumsdaine,
and Stock (1992, p. 278), a more proper model for Case 3 should be, in our
notations, y, = y,—11{t = ko} + (y;,(1 — B2) + Boy,—1) 1{t > ko} + &,. This
process avoids a spurious sharp jump to zero at the break point.

It should also be mentioned that the disturbance terms {&,}"_, in this paper
are assumed to be i.i.d. In the case where both | 8| and | B,| are less than one,
the assumption of i.i.d. avoids the inconsistency of B’s due to serial correla-
tion of g,. This assumption is also very helpful in calculating the long run
variances of processes such as Xy, ;. However, extension to the cases of
heterogeneous and/or dependent €, should be possible in the nonstationary cases
at the expense of a more complicated mathematical treatment. Thus, a gener-
alization of our model to ARMA(p,q) models with an intercept deserves fu-
ture investigation.
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APPENDIX A:
PROOF OF LEMMA 1

If |B1] < 1, |Ba| <1, &, are i.i.d., and y, is drawn from a stationary process, then

(1) (3a), (3d), and (3g) are consequences of the uniform law of large numbers in
Andrews (1987, Theorem 1);

(2) (3b) and (3c) are consequences of the weak law of large numbers in Andrews
(1988, Theorem 2).

[77]
] Vi-18;
(3e) sup [By(7) = Bi| = sup 7]
T=T=T) TET=T) T
E Vi
1
[+T]
T ; Yi-18:
= [zT] ,2‘:2,0 T = 0, (Do, (1) = 0,(1).
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To show (3f), utilizing the fact that
T T
[ Tz] 1ytz—l [ 2]: latyt—l
A 7ol ]+ 7T+
Po(1) =B = = (B = B) + ——,
E Vi 2 yt2—1
[rT]+1 [+T]+1
adding and subtracting
1 — 2
T ( To)a'
1- B3
Bo=B) ——,
E )’12—1
[rT]+1
by the triangle inequality, and last by (3a), (3c), and (3d), we have
A (To_T)(l—.Bzz).Bl +(1—7'0)(1_.312)32
Sup BZ(T) - 2 2
r=r=7, (7'0-7')(1 _,32)+(] "7'0)(1 “,31)
T T
[ 2] Vi [ E]: & Vi1
ToT]+1 T1+1
= sup 'OT (32_31)"" T
T=T=T)
2 Y;Z—l 2 ytz—l
[7T]+1 [rT]+1
_ (I—TO)(I—:BIZ)(B2—B1)
(10— 7)(1 - 322) +(0- 7'0)(1 - 12)
I I (1—1)0?
2 & Y1 E Vi T'—02
[rT]+1 [7oT]+1 1- BZ
< sup || 4B~ Bl sup | T - —
TST=T) TSET=T)
2 Vit 2 Yt2~1 2 Y
[7T]+1 [+T]+1 [7T]+1
(1-7y)0?
1—- B3 (1-7)(1-B7)
+ - su -
BBl e (ro =11 = B) + (1= )1~ B7)

T
E ytz—l

[7T]+1
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T T
2 € Yr-1 E yii
_ T “w e N 1B, = ByIT | treie1 ™ B 1—7)o?
- T 1-51-270 T T T l_ﬁg
2 Vi1 2 Vi1
[1oT]+1 [roT]+1
+ su |ﬁz‘ﬂ1|(1‘70)(1_B12)T
l-s‘rgro T
(ro—nA=B)+1—1)(1=BN] Xy
[rT]+1
T
2 }’2—1
X sup (ro—n)(1 =B+ A7) =BPlo? [T '
T=STST) (1 - 1312)(1 __B22 T
T T
2 &t YVi—1 2 Yo
B T “u [+T]+1 o . |8, = By|T | [ror1+1 ! B (1—-7y)0?
- r Isrls)ro T d r l—ﬁg
2 ytz—] 2 yt2—1
[7T]+1 [moT]+1
T
2
2 Yie1
LB BT T 27
I T 1—p3?
E Yi=1
[7T]+1
[7oT]
2
y
. [r§+] ! o (19— 17) W
su - = .
S 1-p? %

The proof for (3h) is analogous to (3f), using the fact that

[7T] [rT]
' 2] yt2—1 2 & Vi—1
A ToT]+1 1
Bi(m) — B, -1 (B2~ By) (o1

2 Yi-i 2 Y
1
adding and subtracting

— 2
- (7 70)20
1-B;
[+7]

Z yt2—1

(BZ_BI)
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by the triangle inequality, and last by (3a), (3b), and (3g) we have
sup B (r) — To(1 — .322)31 + (17— 7)(1 — .312).32
To<T=T ! TO(I - 1822) + (T - TO)(I - Blz)
[7T] [+T] (T —r )0.2
2 e > ¥ T——
= su : +18,— B4 su SOEE - 1= 8
S Y e 0 e (o7
PR 2 v IR
1 1 1
(r— 7'0)0'2
gl | B -m-pD
P | 7o(1 = B2) + (1= 79) (1 - B})
2 Yi—1
1
[§] [g] R
&Y Y-
T 1 o [BZ—:BIlT [7oT]+1 ! (7 _70)0'2
= sup up -
[7o7] ro<T<F T [7o7] To<T=F T 1- 3
2 Vi ; Vi1
1
|8, — Bil(r — 70)(1 — ,312)T
+ sup o
TO<T=T
[ro(1 = B3) + (1= 7)1 = BD)] X »2,
1
[rT]
2 21072 2 yi
X sup [ro(1=B3) + (r — 7)1 — BY)lo 1
To<T=F 1-83)(1-83 T
[§] [%] s
&t Y- yie
- T 1 e |.32_Bl|T s [1oT]+1 ! _ (7'_7'0)02
S P TTT [7o7] s T 1- B2
E ytz—l E Yz2—1
1 1
[707] (7]

2
Ve
|Bz_ﬁ1|T 7'00'2 ; o (7'_7'0)0'2 [1oT]+1
+ sup -

[ro7] - T ro<rst| 1= 2 T

E Vi

1

=o0,(1).
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T
E & Yi—1
. A [rT]+1
(31)) sup |Bo(7) —B,| = sup T
To<T=F TO<T=T )
2 Yi—1
[+T]+1
T
T ' 2]4 Y1
7T]+1
=—— sup |/ | =0,(1)o,(1) =0,(1).
T 5 T<T=T T
E Yi—1
[7T7+1
These prove Lemma 1. u

APPENDIX B:
DERIVATION OF EQUATIONS (6) AND (7)

For 7 = 7 = 79, we have

[+T] [7T]
RSSy(7) = 2 (e, — (31(7) - .31)%—1)2 + ( E]: (St - (Bz(’f) - Bl)yt——l)z

+ 2 (Et - (BZ(T) - ﬁZ)yt—l)z

[roT]+1

[+T] 2
< ; V-1 8t> [7T]

T
=;3z2_ ‘2(32(7)_31) 2 Y18

[7T]

[rT]+1
2 )’z2~1
1
. [70T] . T
+ (Bao(7) = By)? 2 v = 2(By(7) — By) 2 Yi-18;
[rT]+1 [roT]+1
. T
+(B(n) =B X v (B.1)
[moT]+1
By (B.1) and the fact that
[7T] T T
[?‘Tl)’rz—l 0 TZ] 1)’r2-1 [Tz]:lst)’z«l
A 7T |+ 7 + 7T |+
By(7) = B, 7 + B, — + )

T T
> A PIRRT > v

[+T]+1 [7T]+1 [rT]+1
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we have
RSS7(7) — RSS7(7g)
[7T] 2 [+T] 2
2 Yi—18: 2 Yi—18:
1 1
= [70T] - [+T]
2 Y 2 Yo
1 1
T T
[ 2] Ytz—l ‘ 2] E Vi1 \ [71]
7oT]+1 T]+1
—2| (B =) — . 2 Vier®
2 2 [»T]+1
2 Y1 2 Yie1
[7T]+1 [7T]+1
T T 2
‘ 2] ytz—l ‘ 2] &t Vi—1 [7T]
10T ]+1 TT]+1
+ 1 (B.—By) OT T 2 Yi-1
N 2 [#T]+1
2 Vi1 2 Yi—1
[7T]+1 [rT]+1
[70T] T T
[2] Yt2~1 : 2] & V-1 0 2] & V-1 T
7T]+1 7T]+1 70T ]+1
-2 (B —B2) - = 2 Yi—18:
T ) T 5 T 5 [roT1+1
2 Vi1 2 Yi=1 2 Yie1
[rT]+1 [rT]+1 [7oT]+1
[70T] T 2 T 2
: 2] Ytz-l : 2] & YVi—1 ' 2] € Vi1 T
TT]+1 7T]+1 ToT]+1
+ (B1—B2) + - - 2 )’r2~1
5o, S, Lo, [roTT+1
2 Yi=1 2 Yi—1 2 Yi—i
[rT]+1 [rT]+1 [7oT]+1
[70T] T T [7T]
[2] ytz—l[ 2] Yi-18; : 2] }’t2~1[ 2] Yi—18:
TT]+1 ToT]+1 ToT]+1 7T]+1
=2(B,—B1) — E——
E Yiei 2 Vi
[rT]+1 [+T]+1
T [76T1]
A )’t2—1[ 2] yt2—1
ToT1+1 T]+1
+ (B =B —— + Aq(), (B.2)
2 )’3—1
[rT]+1
where
[70T] 2 [+T] 2 T 2 T 2
Z Yi—1&: Z Yi—1&: Z €Y1 E € V-1
1 1 [7oT]+1 [+T]+1
Ap(r) = - + - .

[70T]

2 Y

[7T]

x

2
V=1

T
E Y

[T ]+1 [rT]+1

T
2 Vi1
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Let

o
o

By (B.1), the fact that

(1- To)(l - )812)(32 - /5'1) >2 and
(10— 7)(1 _)322) +(1- 70)(1 “)312)

(7'0"7')(1‘ 22)(,32_/31) )2
(=11 =B+ (U -7)1-87) )

(1=17y)0?

1-p3 "’

(7'0“7')0'2
1- B2 :

(B, — )81)20'2(7'0 = 7)(1 = 19)
(10— 7)(1 "1322) +(1- 7'0)(1 —/5‘12)

-1

and the triangle inequality, we have

(B> "/31)20'2(7'0 -7)(1- )

1
P RSS; (1) — 0% —

sup
TST=T (TO - T)(l - 1822) + (1 - TO)(I - Blz)
[=T] 2
| T <; YI~13t>
< |— 2 _ 2 + —_
T2e o Bk TS
T 2 Vi1
1
R [70T]
+ sup (2(By(7) —B) }‘ 2 Vi-1&;
T=T=T) [7T]+1
[70T] (T — 2
A 0 7)o
+ sup [ (Bo(7) =B = 2 Vi A 2
TST=T) T [+T]+1 1- Bl
A 1 T
+ sup [2(By(7) = B2) _77 2 Vi-1&;
T=T=7) [7T]+1
o 1 Z (1-7y)0?
+ sup |(By(7) “ﬁz)2 - 2 Yt2~1 = A, >
T=71=7) T [7oT]+1 1-p3

We add and subtract (B,(7) — B1)2[(ro — 7)o2]/(1 — B?) in the fourth term and
(Ba7) — B2)2[(1 = m9)o¥/(1 — B2)] in the sixth term. By the triangle inequality, the
fact that sup|a? — b?| < sup|a — b|sup|a + b|, and Lemma 1, the preceding expression
is bounded by
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1 T . [TT]
}'2 o?| + sup |By(7)— Byl sup 2 Yi-18;
1 TST=T, TST=Tg
. [707]
+2 sup [By(r)— Bl sup T E Yi~18;
T=T=T7, T=T=7, [7T]+1
[7oT1] (T _ 2
R 0= T)O
+ sup (By(7) —B1)? sup D T
T=T=T) T=ETST) [rT]+1 Bl
(19— T)0? .
+ sup sup [(Bo(7) = B1)> — Ml
TST=T) B] T=TST)
T
[ TE] lyt—lsl
o 70T ]+
+2 sup |Bao(r) = Baf | =
TSET=T) T
T
2
E Yi-1
. [roT1+1 (1 =750
+ su - B,)? -
sup (Ba(r) = ) T -2

1- 2 A
‘(—"12)‘(‘7“ sup [(B2(7) = B2)? — A4l

- B2 TET=T
= 0,(1).
This derives equation (6).

For 79 < 7 = #, we can write the residual sum of squares as follows:

[7T] [T}
RSST(T) = ; (Et - (ﬁl(T) Bl)yt-—l)z + ‘ TE] l(st (BI(T) - Bz)yt—l)z

T
+ E (at - (EZ(T) - ,82))’,_1)2

[rT]+1

[707] [7o7]

T
283‘2(31(7)‘,31) 2 yt—1€t+(ﬁ1(7)_31)2 ; }’t2—1

I

[rT] [=T]
= 2(By(7) — B,) 2 yz—18r+(ﬁl(7)_ﬁ2)2 2 ytz-—l
[roT1+1 [roT1+1
T 2
( z 3:)’:-—1)
[rT]+1

T

2 Y

[r7]+1

119

(B.3)
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By (B.3) and the fact that

[70T] [+T] [+T]
2 Vi1 ( 2] Y 2 €1 Yi—1
roT1+1 1
Bu(r) = 071 1T T 2t T ’

E Y §1: )’z2-—1 2 yt2—1
1 1

we have
[77] [7T] [70T] [77]
0 E] Vi-18; E yt 1 Z Y- 181[ 2] yr—
10T ]+1 ToT ]+ 1
RSS7(7) = RSS7(70) = 2(Bo = B)) | =75 - =om
Z ytz—-l 2 yz2~1
1 1
[T] [7oT]
‘ Z] yt 1 z .Vt 1
ToT]+1
+ (BB + Ar(7). (B4)
2 Y
1
Let

=< (1= 70)(1 = B)(B> =~ By) )2 N =< 7o(1 = B3)(B, — BY) )2
P\ (=B + (1= 1)1 - BY) A\ =B+ (r—r)(1-8D) )

By (B.3), the fact that

70(32“131)2(72(7“7'0) - 7'00'2 A (7'“7'0)02
0(1=BH+(r1—r)(1-B7) 1-pF "t 1-p2

and the triangle inequality, we have

1 70(32_51)20'2(7'_7'0)
sup | = RSSy(1) —o?—
To<T=T ’ TO(I - BZZ) + (T - TO)(I - Blz)
. [70T]
+ sup |(By(7)—By) ; 2 Yi—18;
TO<T=T 1
1 [70T] Too2
toswp (B =P 5 Xk = A
TO<T=T 1 Bl
. [7T]
+ sup | (By(7) —B,) ; 2 Vi—18;
To<T=F [roT]+1
[T] T 2
2 y,z_l 2 2 & V-1
5 2 [oTT+1 (r—m)o [r71+1
+ sup |(Bi(7)—B,) Ay > | T osup :
To<T=F T 1= Bz TO<T=T P
T E V=1

[+T]+1
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We add and subtract (B(7) — Bi)[roo2/(1 — B?)] in the third term and
(B1(7) — Bo)?[(r — 70)a2]/(1 — B2) in the sixth term. Using sup|la® — b2| <
supla — b|supla + b|, sup(a — b)?> =< (sup|a — b|)?, and Lemma 1, the preceding
expression is bounded by

1T 2 [7T1] .
== et -0+ | D voas| sup |Bi(r) =B
T4 T 7 To<T=F
[7T] 2
ToO «
+ | = 2 - su 7)—B)?
T ; Yi—1 1- B2 TO<TI;.7':(BI( ) = B1)

2

+ 0% sup [(By(r) — B1)? = Ay

2
1- ﬁ] To<T=T

. 1
+2 sup 'BI(T)—BZI sup —f 2 Yi-18;
To<T=T TO<T=F [7oT]+1
R 1 7] (r—719)0?
+ sup (B(7) —B,)? sup ; 2 Ve 1 2 2
To<T=7 To<T=7T [1oT]+1 - P2
(1 — 1) 02 R
+ sup ————— sup |(B,(7) = B2)* — A4l
TO<T=T 1- Bz TO<T=T
N 1 L
+ sup |By(7) = B,| sup |= 2 Vi—18¢
TO<T=F TO<T=T [rT]+1
= 0,(1).
This shows equation (7). n

APPENDIX C:
PROOF OF THEOREM 1

If |77 — 70| = 0,(1/T), or equivalently |k — kol = 0,(1), then for any 5 > 0, there
exists an M < oo such that Pr(|k — k| > M) < n. We shall prove this by using the
contradiction argument. Suppose 7r is not T-consistent; then there exists a sequence
My > 0 such that My — oo, (M7 /T) — 0 as T — oo, and

lim Pr(|k — ko| > M;) = a,
T—co

where « is a positive constant in (0,1].
NOW, let A =B2 _BI’ZT = {1,2,....,T},D1T= {m:m S ZT, m<< ko _MT},DZT =
{m:m EZT,m >k0+MT},D3T={m:m eZr, ko"MTSmSk0+MT}.
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Note that

R m m
Pr(|k — ko] > M;) =Pr (infmeD”_UDZT RSSy <?> < inf,ep,, RSSy (;))

Because kg € Dsy, we have inf,,cp, RSSp(m/T) = RSSr(7o), and the preceding
probability is bounded by

m
=Pr (inmeDlTUDZT RSST<;;) < RSST(TO)>

2
=> Pr(inmeDiT {RSST<¥> - RSST(TO)] < 0)-
i=1

By using (B.2) and (B.4) in Appendix B, the right-hand side equals

T ko
2 Vi-18; 2 Yi-1&;

. kot1 m+1
= Pr|inf,cp, , {24 - i
2 2
2 Yi—1 E Y1
ko+1 m+1

T
2 yt2—1

m+1 m
+A2+—-———AT<—) <0
T ko T
2 Vi1 2 Yioi

kot 1 m+1

m ko
2 Yi—1&; 2 Yi—1&;
1

. ko+1

+ Pr|inf,ep,, | 2A - i
2 2k
ko+1 1

m
+A2+—-AT<——> <0
T

m ko
2 ytz—l 2 )’t2—1

ko+1 1

Using —inf x = sup(—x), sup(x + y) = sup x + sup y, sup xy = sup x sup y, and sup x =<
sup|x/|, the preceding item is bounded by

< Pr(=2MA, + 20, + A; > A2) + Pr2A4, — 2045 + Ag > A?),
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where

T
E Ye-18;

ko+1

T
2 )’t2~1

Ko+ 1

A! = p(l)

by (3a) and (3c) of Lemma 1;

ko
D Yier®
! v 1 k V1 &
Ay = sup —- = sup |- o =0,(1)
mED, ) meDr | Ko =™ M m+1 )
2 Yi=1 2 yi1/ (kg — m)
m+1 m+1

by the uniform law of large numbers in Andrews (1987, Theorem 1);

T
2 )’r2~1

A= m+1 A E - 1 I 1
3 m?gT T ko T T - T ko
E ylz-‘l 2 Y 2 )’2—1 E )7:2—1
Ko+l m+1 Kot 1 ko—My
ko 2 m 2
(2 yt—13t> (2 y,,18,>
1 1
X | sup 3 -
mEDy ° m
2y PIRT
1 1
T 2 T 2
( z slyt—l) (2 3:)’1—1)
ko+1 m+1
+ sup . - T
meED;r
2 Vi1 2 Vi1
ko+1 m+1
1 1 1
=0, ; +0, E (op(l)+0p(1))=0p M—;r =0p(l);
ko
;yt——lsl
A= =0,(1)

by (3a) and (3b) of Lemma 1;

2 Yi—-18;

ko+1

As= sup — =9,(1)

meED, m s
2 Vi1
kot+1
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by a similar argument as in A,;

m

2
2 Vi1
m 1 1
Ag= sup |——— A (=)= [ — + ——
¢ meDyr | 1 ko r ko ko+Mrp
2 Y1 2 Y 2 Y 2 Vi1
ko+1 1 1 i kot+1
ko 2 m 2
(2)’:—13x> (2)’:—1"%)
1 1
X | sup -
ko m
m&D,r
24 24
1 1
T 2 T 2
( 2 stYr—l) <2 st)’t—l)
ko+1 m+1
+ sup - T
m&D,y
2 )’r2~1 2 Y1
ko+1 m+1

1 1
= <0p<?> + OP(M_T>>(OP(1) +0,(1) = 0”<MLT) =0,(1).

Because A;-Ag are 0,(1) and A? is a positive constant, we have
Pr(|k — ko| > Myz) = Pr(0,(1) > A) + Pr(0,(1) > A%) = 2 Pr(A*> < 0) = 0.

This means o = 0, which contradicts the original argument that « > 0. Thus 77 is
T-consistent.

To find the limiting distributions of 8,(#7) and B,(77), note that 77 — 7o = 0,(1/T)
and

[#rT] (771
2 Ve 2 Ve
A N _ 1 1
NT (Bi(37) = Bi(ry) = NT 7T [
2 v 2 v
1 1
[#rT] [7T]
E & Yi-1 2 &1 Yi-1
. 1 1
= Wrr=roNT| " TTnrd
2 Y 2 Y1
1 1
[70T] [#7T]
E (BIYt—l +3:).Yt*l [ 2] (B2yr—1 + et)yhl
N ToT]+1
U > T (7] (7]
2 Yy E Y
1 1
[T()T]
2 (BIYt—l + 8;))’,—1
[7oT]

2 )’:2—1
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[70T] [707T] [707]
P 1y12~1 2 &V : 2] & Yim1
s 2T+ 1 #7141
= W =roNT| 5 (or] [Tl
2 yEa 21‘, Vi 2 Y
1
[?TT] [TOT] [*TT]
, 2] ytz—l 2 € V-1 : 2] & V-1
. roT1+1 1 7T 1+1
+ I{TT>TO}V_ - [#77] [7077] + [#77]
2y 2 vk > v
1 1 1
[#771]
b )’t2~1
ToT]+1
(BB G
2 )’rz-l
1

= I{ip = ro}xff(o,,(—Tl—> o,,(-\%) - o,,(%))
o

o 3)ol5) ol3) o)

=0,(1).

125

Thus, 31(#7) and B;(7,) have the same asymptotic distribution. Similarly, 3,(#7) and

ﬁz(ro) have the same asymptotic distribution.

Define 3, = o(g;:i < t) as the sigma field generated by the past history of {e,}.

Because {&,y,_,,, }L7o7]

with

E(etyt—ll’%t—-l)zo (t=1$2"~-»T)7

[70T1 ot
E DS D —— < oo,
[TOT] 2:1 ((&;y,-1)1S-1) 1 _1312
1 T 0.4
s E((&,y,-1)*S,2) B < 0.
T—[7T] t=[7'02T]+1 et ! 1_.322

Sl and {e,y,-1,3,}<(,,77+1 are martingale difference sequences

Applying the central limit theorem for martingale difference sequences (see, e.g.,

White, 1984, ch. V) and by (3b) and (3c) in Lemma 1, we have

[707]
2 & Y1 /NT
A A 1-pB?
NT(B(7r) — By) = VT (B1(70) — By) = I[TOT] —d')N<0, 'Bl),

2 }’12—1/T
1

T

2 8:)’:—1/\/?
d

[7oT1+1
T

2 )’12‘1/7‘

[7oT]+1

NT (B,(77) = By) 2 NT (By(ro) — By) =

This proves Theorem 1.

1— 2
—)N(O, A2 .



126 TERENCE TAI-LEUNG CHONG

APPENDIX D:
PROOF OF THEOREM 2

To derive the limiting distribution of 77 for shrinking shift, let B, = By + (1/ \g(TY),
where g(T) > 0, with g(T) — co and [g(T)/T] > 0as T — oo .
For 7 = 1y + v[g(T)/T] and v = 0, by (B.2) in Appendix B and the facts that

[70T] 2 [+T] 2 [7oT]
2 Yi~18: E Yi—18¢ E ytz—l
1 1

1

@) Ar(r) = =5 =1 wn (7]
2 Ytz—l E Yi-18; ; yt2—-l
1 1
T 2 T 2 T
2 £ Yi—1 E Yi-1&; 2 yt2—1
[7oT]+1 1 [rT]+1 [7oT]+1
T T T
2 yi 2 Yi~18: 2 ¥
[roT]+1 [roT]+1 [+T]1+1

= 0,()(1 = (1 = 0,(1)*(1 + 0,(1)))
+ 0,()(1 = (1 +0,(1)*(1 = 0,(1))) = 0,(1);

[70T1] T
2
Yi— Yi-18¢
i) (B 8 )[TE‘FI ! 1[70%“ ! Op(g(T))Op(ﬁ) 0 < g(T))
1 — = = B ]
o I Ng@o,r) AV T
E Yi~1
[rT]+1
=0,(1);
T
< IYt2—1
T +
A N
2 )’t2—1
[rT]+1
we have
RSS;(7) — RSS1(7g)
[70T] [70T]
= —2(Bor — B1) 2 Y18+ (Bar — B1)? 2 Yt 0,,(1)
[7T]+1 [rT]+1
2 [lvlg(™)]-1 1 Cele@i-1

1l

2(T) < Yio—t—1€kg—t T ﬁ < }’130—;—1 + 0p(1)

= —202(B vl —l vl
\1-82) 20-8))

where B, (-) is a Brownian motion defined on R .




STRUCTURAL CHANGE IN AR(1) MODELS 127

Similarly, for 7 = 7 + v[g(T)/T] and v > 0, from (B.4) in Appendix B and the fact
that [v/(1 — B2;)] = [v/(1 — B?)] as T — oo, we have
RSS7(1) — RSSy (7o)

[T] [=T]

2(Bor — B1) 2 Y18+ (Bar — 1)2 E yt2~1+0p(1)

[roT]1+1 [rT1+1

Il

2 [ve(T)]-1 1 [vei-1

— I 2
W 20: ()’k0+18k0+:+1)+g(T) % yk0+t+0p(1)

=>-2oz<32( v )- v )
—p3) 20-pD)

where B,(-) is another Brownian motion defined on R independent of B;(-).
Define r = v/(1 — B?) and apply the continuous mapping theorem for argmax func-
tionals (see Kim and Pollard, 1990). We have

T(B2T - ,31)2
1-p7

(7 — 79) = #= Argmin{RSS;(7) — RSSy (7o)}

N Argmin{—Za'2 <B*(r) - % |r|>}
= Argmax<B*(r) - % |r|>,

where B*(r) is a two-sided Brownian motion on R defined to be B*(r) = B;(—r) for
r = 0 and B*(r) = B,(r) for r > 0. This proves Theorem 2.

APPENDIX E:
PROOF OF LEMMA 2

Conditions (4a) and (4d) are special cases of (3a). Conditions (4e) and (4f) are identical
to (3d) and (3e), respectively.

1 T
4b) — - - —&
( ) T ;—H Vi-18 = 2T [‘r(,;]+1 (yt yl 1 t)
T
2 2 &}
T—ko| _yi Yeo  [roTl+1

I

2T \T—ky, T—ky T—k

1- To Yko 1 T 2
+ > 5
2 \’T— ko \/T— ko j=ko+1

S/ ET: &2
T~k T~k [7oT1+1 !
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Because

y 1
© 20 ad ——— 2 &= aB(1),

V T— k() V T— ko J=ko+1

by the continuous mapping theorem, we have

) + ! ﬁ £ 2-——:~a'2B2(1)
\IT—kO ‘\,T“koj=ko+1 ! '

Therefore
1 X (1—7)0?
= 3 yaes=m—— (B*(1) - 1) =0,().
T [7oT]+1 2

N,
T? [roT]+1 -t T? [roT1+1 T~k T — ko j=kos, ) T—k

(4¢)

T

| k2 2
=(1-=1,)? 0, (1) + ——— £

i
=(1- To)zo'zf B*(s)ds = 0,(1),
0

where s = (t — kg — 2)/(T — ko).
To prove (4g), we use the triangle inequality, (4b)—(4e), and the facts that

[707] [roT]

sup 2)’,1—2)’,1

T=T=T7y [vT]+1

Then we have

[7T] [70T])
Bi—1) E ytl+ 2 €Y1t E & V-1
A [rT]+1 [r7T)+1 [7oT]+1
sup 1B2(r) 1= sup :
T=T=7) r=r=r,
E Yy
[rT]+1
1 [70T] [7T]
= — 18, — 1] E Yx 1+ sup E € YVr-1
s r=7=70 |[7T]+1
Z Vi1
[roT]+1
T
+ E € YVe—1 )
[1oT]+1

0,(T) +0,(T) + 0,(T) _
0,(17) B 0*’(

)

~|—
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(4h) By the triangle inequality and (4g),

sup [Bo(1) =Byl = sup |By(7) — 1]+ |1 =B, = 0,(D).

T=ET=T) T=ET=T)

Conditions (4i) and (4j) can be proved by using an argument similar to that in (4b).
(4k) For » € BT,

[70T] [7oT] [+T]
_1) E yl 1t 2 tyt—l+[ E] € V-1
A 70T ]+1
[Bi(7) —1] = [7oT] [e7]
2 }’t 1t E Yt 1
[ToT]+1
[70T] [7T] [+T]
2 yt2—1 2 € Yi-1 2 €Y1
- lB _ ! 1 " 1 [7oT]+1
- M [+T] [70T] [+T]
2 Yo 2 ytz—] 2 yt2—1
[roT]+1 1 [roT]+1
[7T]
[70T] 2 &€ V-1
<18-1= 3y L dt |-
R A TR (O S VA ER T T

2 Vi
1

T [=T]

yt—l 8;
RTCEPSYoE

A
’ [ror1+1 T

’

where

1

Ay =

[(r=70)T] Vegs s 1 '
zo: ( '\“:(T — TO)T]> [(r—7)T]

The proof is completed by utilizing (4a), (4e), (4i) and the following facts.

(i) By the definition of B, T/[(r — 79)T]1? = o(1) for 7 € E
(ii) By the definition of % and by using the continuous mappmg theorem, we have

1
Ar= ——— =0,(1).
0.2[ B2
0
(41) By the fact that
T? T?
su = =0,(1)

[+T]+1 k+1
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and by (4j),
T
[2] Yi—1&;
TT]+1
sup, Ba(r) = 1] = ST
regh
2 Yi—1
[rT]+1
T
1€
_1|_r [T%ly"’ o (!
T rer T o\
_2 Yiey
k+1
These prove Lemma 2. ¢ u
APPENDIX F:

DERIVATION OF EQUATIONS (12)—(14)

For |B;] < 1, B, = 1, by (B.1) in Appendix B, the triangle inequality, and the fact that
sup|ab| = sup|a|sup|b|, we have

1 (1=B)(rp—1)0o?
sup | = RSSy(7) —o? —
rr=r, ! 1+ 8,
1 T
T3
R 1 [#71]
+ sup |B(7) — Byl sup 2 Ye—18¢
T=T=T) T=T=T)
R [70T]
+2 sup |Bz(7)—31 sup 2 Vi—18:
T=ET=T, T=T=7) [+T]1+1
[70T] 2
N 1 (1—-B)(p— 7)o
+ sup [(Ba(m) —B1)* = yia—
TET=T, 2 ! T [7%—*—1 ! 1+Bl
T
0 E] 1}’:—181
A 70T |+
+2 sup [By(r) — 1]
T=T=T) T
T
1 [2} yt2—1
A 2 [T ]+1
+=( sup |T -f 2
7 (s 1T(Ba(r) = DI =

= 0,(1).
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All six preceding terms above are 0,(1) by Lemma 2. To show that the fourth term is

also 0,(1), we use the fact that (1 — 8,)/(1 + ;) = (1 — 81)%/(1 — B2) and the triangle
inequality that sup|a — b| = supla — ¢ + ¢ — b| < sup|a — ¢| + sup|c — b|, with

[7oT1]
2 Y1
N T |+ l— - 2
a= (32(7) —Bl)2 [_Z‘—]—El-,_ ’ b = ( ﬁll)_(:.oﬂl T)U ) and
2
¢ = (Bo(r) ~ B))? (—T)”
- Bt

Conditions (4e) and (4h) in Lemma 2 imply that sup|a — ¢| and sup|c — b| are both
op(1). This derives (12).

For 7 € B, by (B.3) in Appendix B and the triangle inequality, we have

1 1—B))7,0?
— RSS,(7) —g2— ﬂo__
T 1+ B,
1T R [70T]
}'E 2(31(7)_/31)‘]‘: 2 Yi-18;
1
[70T1] [rT]
2 )’;2~1 2 Yi—18:
A 1 (1- B])TO()'Z N [7oT]+1
+ - 2 - + (2 -1)—
(Bi(r) B> — i h (Bi(n) = 1) =
R 1 [
+(,31(T)‘1)2_ E Yt (,32 E Yi—1&|-
[roT]+1 T [277+1

In the third term, we use the facts that (1 — 8;)/(1 + 8,) = [(1 — 81)?]/(1 — B?) and
the triangle inequality that |a — b| =|a —c + ¢ — b| < |a — ¢| + |c — b|, with

[70T]
Z ytz——l 5 o2
a = (By(r) — ) — p=BINT g o= (B -
1 1 T 114 1 1 ,31
Thus, the preceding equation is bounded by
[70T] .
F-a? 2 '77 E Ye18|1B1(7) — Bl
1
[70T1] 2
. ToO
B =B T Xt T
Bi
X (71
(D +1=28IBD =1+ 2B = 1| = F yiae,
[roT]+1
[ = )1 L
e (B ) s S g
T : (1 —7)T]? [m%ﬂ o
+|,32(7')"1| T 2 Yi—18&¢|-
[rT]+1
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All seven preceding terms above are 0,(1) by Lemma 2 and by the definition of E%.

This derives equation (13).
To derive (14), first note that for any positive constant c,

ko
E Vi1

N c 1 1
ﬁl<7'0+_ =0 5| Br
7) o3| s

2}’:2—1

[ko+cNT]
2 Y-
1 ko+1
+ (1 - 0T<§,c>) 1+ it |
2
2 Yim1

ko+1

where
ko
1 B ;ytz—l
br 7T % oteNT1
2 yt2—1 + 2 )’12~1
1 ko+1

By (3b) and the fact that yZ /T £ 0, plus the invariance principle that

1 [ko+eNT] 1 [eNT] c
T2 Y= = y?+k0-1=>azj B2,
Ko+l 1 0

where B;(-) is a Brownian motion defined on R, we have

To

7'0‘*‘(1*312)[ B3
0

, 1
i) 07<—2~,c) =

. 7031+(1‘ﬁ12)fo B}
(ii) ;§1<TO + ——) = —,
VI2 va-an [

Additionally, we have

/§2 7'0+_C' — 1| = 0,(1);
NT P

(iii)  sup
cER ...
[ko+cNT]
) sup 1 X ye| =01
CER., ko+1
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1 T
(v) sup — 2 Yi—1& = Op(1)~
&Rt L | [kotcNTI+1

From (B.3) in Appendix B, (4e) of Lemma 2, and (i)—(v) given immediately preceding,
we have

1 c 1 Z ) N c 1%
— RSS; ot =;;s,—2 ot =) A -T-El‘,y,‘le,

k0+c\/_]

1
T koﬂ !

Yi-18;

+
o >
/_\ N
q
<)
+
\/ \_/

1
T [ko+e \/—]+1

=) -1
é? 0(1)+<B1( ) ) Zy,1+o<1)

N =

R ¢ 21 [k0+c\/_]
+ ( 1(70 + ﬁ) - 1) T k21 yi +o,(1)
ot

c 2
a-ga-g [ m\ .
e

=02+

ro+<1—ﬂ%)foB§

T -1 2 ¢
(BN Y [y
=g [ m2) P

0

2y 7002(1-B)?

c =1 '
0

Il
q

This derives equation (14).
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APPENDIX G:
PROOF OF THEOREM 3

To show |77 — 79| = 0,(1/T), it is sufficient to prove that A;-A4 defined in Appendix C
are all 0,(1) in the case where |3;] < 1 and B, = 1. Now

T
z Yi-18;

ko+1
A= "l—_— =0p(1)
Z )’zz—l

ko+1

by (4b) and (4c) of Lemma 2;

ko
2 Vi-18;

m+1

A, = su =o0,(1)
2 mG[l))]T ko , 14
2 Yi—1
m+1

by the uniform law of large numbers in Andrews (1987, Theorem 1);

T
2
Vi
A= mgl ! A m _ 1 + 1
3_mseug”' T ko r T - T ko
2 yt2—1 E yt2—-l 2 ytz—] 2 ytz—l
ko—My

kot+1 m+1 ko+1

ko 2 m 2
<2y1—18r> (2)’t—l£t>
1 1
X | sup p -
mED, ¢ 0 m
E)’z—l 2)’:2—1
1 1
T 2 T 2
( 2 8tyt—l) < E 8ryt~l>
ko+1 m+1
+ sup -
meED,

T T
2 Y1 2 Vi

kot 1 m+1

1 1 1
= <OP(T—2-> + Ol’(ﬁ;))(op(l) +0,(1) = OP(M——T) =0,(1);
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ko
; Yi-1&;

A, = =0,(1)

ko

2 yt2—1

by (4a) and (4e) of Lemma 2;

m m
2 2 2
2 V& Vo= Vi 2 &
ko+1 ko+1
SRt Sasahl L
m 2T mel,r 2
E 2 2 E Yie1
Vi1 ko+1
ko+1 0

_ 1 m - 1 1
A6 - mSEulg)zr m ko AT T - ko ko+Mr
E ytZ—IEytz—l Eyt2—] E )’t2—1
ko1 1 1 ko+1
ko 2 m 2
(E)’wl&) (Eyt—18t>
1 1
x meme | ko -
2 yt2—1 E yt2—1
1 1
T 2 T 2
< 2 5:)’:—1) < 2 5;}’;—1)
ko+1 m+1
+ sup -
mE&D, T T
IR IR
ko+1 m+1

1 1
= (op<—T—> + 0p<M——%>)(o,,(1) +0,(1)) = 0,(1).

135

(To prove that As = 0,(1), explicit formulae would be needed. I am not able
to provide a general proof because of the unknown asymptotic properties of
SUP,ep,, (D1 Yi—18,)/(Zio+1 Y1) under nonstationarity of y,. No study on the uni-
form convergence under this kind of nonstationarity has been done in the literature.

However, the referees and I believe that the result is true and intuitive.)
Because A —Ag are 0,(1), thus 77 is T-consistent.

To find the limiting distribution of J3,(#7), note that #7 — 7o = 0,(1/T) and

ﬁ(é](f'r) - é](TO))

[#7T] [7oT]
D Vidier 2 Vi
1 1
=T [#,T] " Tlret]

2 Y ; Y

1
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(70T [roT] [roT]
' 2] yt2—1 2 €Y1 ' 2] & YVi—1
s #pT1+1 1 _ L#T41
= Hir < 7NT [#77] (7071 (771

2 v E Y 2 Y
1 1

1

[#7T] [70T] [#rT]
[ z] yt2—1 2 & V-1 [ 2] V-1
R roT1+1 1 roT1+1
W > T | == (771 [#7]

2 v 2 yt2—1 2 yt2—1
1 1

[#7T]

E yt2—1

[7oT]+1

+(B=B) T

; Y
=70, (2)o, (=) - 2)

=T (0(7)o(35) o (7) <o (7)
=0, (1).

Thus, ﬁl(f'T) and ,[3’1(70) have the same asymptotic distribution. -
Because {&,y,_;,3,}.77 is a martingale difference sequence, with

E(Btyt—llst—*l) =0,

[7oT] ot
p
2 E((styt—1)2|?st—l)——) 1 2
1 - Bi

< oo.

Applying the central limit theorem for martingale difference sequences and the fact
that

[707] 2
152 ToO
— 2 2y 0 ,
T 2 Yi—1 1- B2
we have
[70T]
2 3:)’:—1/ﬁ 1 BZ
A A A 1 -
ﬁ(ﬁl(TT) -B) 4 \/T(BI(TO) _,31) = —[TOT]—'_ $N<0, . : )
0
2 ytz—l/T
1
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To find the limiting distribution of Bo(#1), note that 77 — 7o = 0,(1/T) and

T(BAz("A'T) - 32(7'0))
T T
2 Ve Vi1 2 YeYe—1

| i [7oT1+1
- T T
E y12—1 Z Vi
[#7T]+1 [ToT]+1
[70T] T [7T]
' 2] y12~l ' % & V-1 [ 2] &t V-1
7 T]+1 0T ]+1 #pT]+1
= < —_
Wi =7o}T " " + =
E Vi 2 Vi1 2 Vi1
[#;T]+1 [TT]+1 [#:T]+1
[7T]
[ 2] Yi—1
#T1+1
+ (B — B2) 7
2 V-1
[#+T]+1
[#7T] T [77T]
[ E] yt2~l [ 2] & V-1 [ 2] € Vi—1
ToT]+1 0T ]+1 T]+1
+ 1{#p > 1o} T| = — -
Y 2 Vi1 2 Vi
[#7T]+1 [7oT]+1 [#7T]+1

~16=nir(0(75)o (1)~ (7) - o)
+ 1{#, > ro}T<0p(}lz>0p(%> - 0!’(%))

=0,(1).

Thus, B,(#7) and B,(7o) have the same asymptotic distribution. Applying (4b) and
(4¢) in Lemma 2, we get

1 T
— £,
. P TWE]H i B2(1) -1
T(B2(77) = 1) = T(By(79) — B2) = . = 1
— 3 2, 20-7) B?
T* (7o71+1

These derive the limiting distribution of B1(77) and ﬁz(ﬁ) for fixed magnitude of
break.

To derive the limiting distribution of 7 for shrinking shift, we fix B, at one and let
Bir =1 —[1/g(T)], where g(T) > 0, with g(T) — oo and [g(T)/T]— 0 as T — oo.
Let v be a finite constant, and B;(-) and B,(-) be defined as in Section 2. For 7 = 7 +
v[g(T)/T] and v = 0, we have A7(7) = 0,(1) where Ay(7) is defined in Appendix B,
and
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Yro—1~1 1 [(1 B _—1_—)"0“'—2 . koiﬂ (1 ~ _l_>l ]
ug(T) (T) g(T) Yo =0 g(T) Ero—1—1—i
-2

- Vg
ko—t 1 \sDONBT) g, 4,
-2 <(1 gm) ) vay

= o’fwexp(—-s) dB(s) 4 o’Ba<%),
0

where B, (%) is a Brownian motion defined on R ...

Because
YVig—1-1 1 1 [ele@mi-t
e P <5>’”‘d w2 S oBl,

we have
1 [lvlg(T)]—1 ykoﬂt—lskoht

Ve(T) % NVg(T)

1 [Ovlgmi-t ) . 1
22(T) )’ku—:—~1=>|U|0 Ba(-i)'

= ozBa<%)Bl(lu|) and

Further, because

[7T] T
2
Vi Ye-1€
(1 -—ﬁ )[r§+l ! 1[TQTE]+1 e _ Op(gz(T))Op(T) _ (g(T)> _ (1)
i r s(myo, > P\t )%
2 ,sz—l
[rT]+1

and

T

2 Y
[roT]+1 p
o 1,

T

Z )’z2—1
[+T]+1
equation (B.2) in Appendix B becomes
RSS;(7) — RSS7(7)

[7o7] [7T]
= =2(1 - By7) 2 Ve18,+ (1= By7)? 2 yioi + Op(l)
[rT]+1 [rT1+1
o [lvlgmi-1 1 [elg@n-1

-g(T) % Yio—t—18kg—t T gZ(T) < ylgo—t~1 + Op(l)

1 1
= —20'2Bu<5)B1(|v|) + |vlo’233<5>.
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Similarly, for 7 = 79 + v[g(T)/T] and v > 0, from (B.4) in Appendix B, we have

Ar(7) = 0,(1),

[7T] [+T]

2
2 veiE 2 Vo ()0, (gA(T) (g(T))
= =0, =0, (l)s

(7] ~ g(1)0,(T?) T

2 ytz—]

(I=8ir)

o =<1___L>"° o Jg(l_;)zﬁu
Vg(T) g(T)/ Ng(T) = g(T)/) \Ng(T)

= afmexp(—s) dB,(s) £ o-Ba<%>,
0

1 [lve@i=1/ 1 [vg(éi] 1 | 2 e >
g % < Vg(T)> ) 5 (\/g(—T 08k0+,_ NG
=02 LU<B2(s) +B, (%))st,

1 [vg(T)]-1 Veo+t zf“ 1 d
PG % W8k0+t+] =0 , (Bz(S)+Ba(2)> B, (s).

Hence, equation (B.4) in Appendix B becomes

RSS7(7) — RSS;(7)

[+T] [+T]

2(1=By7) 2 V18 + (1 = Bir)? Z yt—l +o (1)

[7o7T]+1 [roT]+1

i

2 [ve@)l-1 1 lweMi-1 5
g(T) % yk0+t8k0+t+l + g2(T) 20: yk0+t + op(l)

202 fv(Bz(s) +B ( 1)) dB,(s) + o fv<Bz(s) + B(%))st
—20'2B3<1>
2

5, () f B g (5) - f B\ B o L)
0

PO A

U
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By the continuous mapping theorem for argmax functionals, we have

(1= Byp)T(7r — 79) = 0 = Argmax{RSS(7) — RSST(TO)}

vER

1 c* 1
<5 Argmax —20'2Ba2<5) w _1 [v|

vER Ba<l> 2
2
C*(v) 1

= Argmax| ——— — = |v| |.
Yer B(;) 2
“\2

This proves Theorem 3.

APPENDIX H:
PROOF OF LEMMA 3

(5a) By the fact that (ykn/\/_T—) = 0B(70) and (y3/T) = 0,(1), we have

1 [7 7] 1 [70T] [707]
T 2 V8 = E 7 =y 1—8,)— Yo -y — 2 el
1

1

2
= 7= (B() = 1) = 0,(1).

1 T
(5b) — 2 Vi-1&;

ﬁ[TOT]‘Fl
1 T t—1
== 2 <ﬁ”‘°1y + 2 B5'e )
T t=tp+ i=ko+1

ko+1 t=ko+1 i=kg+1

_ L& oty ) 4
- T§< kOE+1B >+\/—t§+l< l%ﬂﬁ )

1 T T t—1
_T<< +2 >2ﬁ£~k0—18t+ 2 2 B£_i~13i3t>
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By Assumption (A2) that es are iid., {&X.iB5 " e, M, and
{e, koﬂ 3 &, Mo, +1 Will both be martingale difference sequences with

T
E<8j > Bé"‘°“ls,13,~_1>=0 (j=1,2,..., k),

t=kq+1

1 ko T 2 oot
= 2 Ellsg E .Bé_ko—lsr |3j—1 2, 2 5 < o0,
T ;5 t=ko+1 1-p3

-1
E(s, E ﬁz_i—lsils,_1)=0 (t=ko+1,ky+2,...,T),

i=ko+1

1 T —1 2 (1 _ 7.0)0_4
- El(e Tl ) 9 | D
T tzgﬂ << ti=§+1‘32 ) ' 1) 1“322

By the central limit theorem for martingale difference sequences and by the indepen-
dence of the two martingale difference sequences given previously, we have

1 T d ot
= Vo1& =N 0,—— |;
\/7[,0;]+1 e ( 1—3%)
2
1 [7oT] [7oT] 28

1 0
(5¢) — 21: Vi = ; \})— \/._ F:UZJO B*=0,(1);

1 [T] 1 [+T] —1 ) 2
(5d) = 2 )’:1 = E B{ko_l)’ko"' E .32_"131'

T [roT]+1 T t=kot+1 i=ky+1
2 [rT]
= (ﬁ‘&) S g2k
\/_7_: t=kot1
[+T] -1
225 (s § )

T 1=ig+1 i=kg+1
1 [7T] t—1 2
+ = E 2 B e ).
T ;Zig+1 \ imkg+1

The first term converges weakly to [a2B2(70)]/(1 — B3).

Because |yk0/\/_fl = 0,(1) and (I/V_f)sup,>k0ls,l = 0,(1), the second term is
bounded by

yko [=T] Bt ko—1 1
=2 su =ko=1 — suple,|
T | 2 | 2 P Y upler
yko =) é—k,_,—l =) '32(: ko—1) 1
=2 — |+ ——| | = suple/l
\/T <k02+1 1_,32 k02+1 1_,32 \/7 >k !
Yeo 1 1 ) 1
=2 + suple,| = 0,(1).
NT ((l-lﬁzl)2 A=1BNA=B))NT =k, 7
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Last, because |8, < 1 and &; are i.i.d. with finite fourth moment, we have

1 b7l ~1 ' 2 r— 102
lim — 2 E( 2 Bzﬂﬂai) =u{_,

Tooo 1 j=jy+1 i=ko+1 1“,32

t—1 ) 2 —1 4
Var(( Z ﬁé_1_18i> ) < E( E Bi_i_lsi) < co.
i=ko+1 i=kot1

By the uniform weak law of large numbers for dependent and heterogeneous processes,

1 [+T] -1 ‘ 2 (T—TO)U'Z
sup > > Biile | - ————1 =0,(1).
reBl Tt =ko+1 \ i=ko+1 2 ' 1_‘,322 P
Thus,
1 [TET] T 1o+ B (1)
- y2 ]
T e 1-83
[§] 2T Yoy & -
(5¢) su Vo1& = su 2= deB =0,(1);
feg S TE:I')T 1 \/-. \[_ reg 0 p
[7T]
1 0 0 y 8
(5f) su V,—1&| = su —_——
re?& T[TEH e -rEgT [‘rTz \/— \/—
70
< sup sz BdB| = 0,(1);
regl T
[=T] [+T]
Yi—18; 1 72 2 Yi-18&;
1 1
5 su; 7)—1| = su — sy
(5g) s Sﬁlﬁl() = sup 175 =Ton S| T
2 Yzz—l E )’z2—1
1 1
_ 1 1
= ?Op(l)op(1)=0p 5: ;
[70T]
*1)[2] )’r1+[2] 81y11+[2] €Y1
A ToT]+1 TT]+1 ToT]+1
(5h) sup |B,(r) — 1] = sup - -
reg’ regl [rT]
2 yt 1+ 2 y:—
[+T]+1 [7oT]+1
T [70T]
B>—1] 2 yrz—l 2 €Y1
< su [ToT]+1 + su [7T]+1
= e [roT] redr | oot
2 ytz—l 2 Vi1
[+T1+1 [+T]+1
T
2 € Vi1
[7oT]+1

T
2 Yzz—l

[ToT]+1
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Using the fact that

[70T] Vi1 2 1 Jro
L 2 2
—_— | =0 B> =0,1),
[E]< ﬁ) (- 1] . »(1)

the definition of E”, (5d), and (5f), the first term is bounded by

T
2 ¥
1B, — 1] T (ko — k) [ro7)+1 1
= 172 =
regi ko—k Teur;% [7o7] T 0T 10,(1)0,(1) = 0,(1).
2
Yi—1
[rT]+1
The second term is bounded by
[707]
& Vi
1 T(ko — k) [T%l et
s -0 =/ it
-rSEuEpz ko —k TEU‘EI,)Z [707] TSEuEpZ T
2
Yie1
[7T]+1

= 0,(T72)0,(1)0,(1) = o,(1).

The last term is 0,(1) by (5b) and (5d) of this lemma. Thus, sup,czr|B,(7) — 1| =
0,(1).

1 [#7] 1 [7] —1
(5i) sup |= 2 Yi—1&| = sup |~ 2 Bﬁ-ko_l)’k(,"' 2 Bé_lvlei &
regl [7oT]+1 regt | T [7oT1+1 i=ko+1
1 [7]
= sup |= > B ys
regl T[T()T]+l
1 [7T] —1 )
+ sup | — 2 2 B ez,
re€ET [7oT1+1 i=ko+1

Because kao/\/Tl = 0,(1) and (1NT) Sup,~,|&:| = 0,(1), the first term is bounded
by [1/(1 = B)lyey /A ko (1T )sup | & | = 0,,(1).

Further, because E(Z;,loﬂﬁz_"_lsi g,) = 0 and Var(zlf;,i0+lﬁ§_f‘lsi g) =
o4/(1 = B%) < oo, by the uniform weak law of large numbers for dependent and het-
erogeneous processes (Potscher and Prucha, 1989; Andrews, 1987), the second term
converges to zero. This shows (5i).
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To show (5j), by (5b), (51), and the triangle inequality, we have

1 1 [=T]
sup E Ve8] = | = E Vv |+ osup I = Xy | = 0,(D).
regl T [rT1+1 [T 1+1 reEL | L [noT]+1
(5k)  sup 1B:(7) = 1]
TEE +
[+T] [7T] [+T]
B>—1) 2 )’t 1t 2 Y1 T 2 €Y1
[7T]+1 [7T]+1
= sup
resl (=71
Z yt2—1
1
[7T] [r7]
_ll 2 yt— 2 £ Y—1| T sup 2 €Y1
[7oT1+1 €8] [[7oT]+1
=
[70T]
E yt2—1
1
0,(T)+ 0,(T) +0,(T) 1
= 5 :0[7 —
0,(T?) T
by (5a), (5¢), (5d), and (5i).
T T
E €Y1 E t Yi-1
[rT]+1 T [rT]+1
(5D sup [By(r) = Bol = sup = sup
regl ‘rEEfr T 5 T 'rEEfr T
E YVi—1 2 Yi—1
[rT]+1 [#T]+1
= 0,(1)0,(1) = 0,(1)
by (5d) and (5j). These prove Lemma 3. |

APPENDIX I:
DERIVATION OF EQUATIONS (16)—(18)

To show that (1/T)RSS7(7) converges uniformly to a random flat line above o2 for
T € 87, it is sufficient to show that

(i) (1/T)RSSy(7) converges pointwise to a random value above o2 for all 7 € BT
and
(ii) sup,, . e=r|(1/T)RSSy(7,) — (1/T)RSSr(7,)| 2> O for any 7,7, € ET.
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To show (i), use Lemma 3 and (B.1) in Appendix B. For 7 € EL, B; = I, and
|B2] < 1, we have

T [r7] [77]
2‘9:2 2 Yi-18&; E Vi-18¢
LRSSy (r) = —— — (By(r) — 1) ——— — 2(By(r) — 1) T
T T T ! T 2 T
[70T] T
1 [Eﬂ)’tz—l [ Tz]+lyt—13t
+ 7 (T(Ba(r) = 1))? T (B(1) = By) = T
T T
0 ;]+1y12-1 ‘ TE] ])’z{]
+ (Bao(1) = 1)? T 4+ 2(By(1) - 1)(1 = By) B
T
( ;]+Iy12~l
+ (1 _ BZ)Z T"T
T T
2‘9:2 0 %H}’rz—l
= == = 0,() = 0,(1) + 0, (1) = 0,(1) + 0,(1) + 0, (1) + (1 = B2)? = 7

o2+ (1= B2)(1 = 75 + B*(79)) o> ol
1+ 8,

To show (ii), use (B.1) in Appendix B, the triangle inequality, and Lemma 3. We
have

1 1
sup }— RSS;(7,) — —T~ RSS;(7,)

Thy T, EET
[7,7T] [70T]
2 Ye—18¢ ' E] Yi—18¢
A~ 1 A~ T T]+1
= sup = (Bilmy) — 1) —2(By(7) — 1) -
Th, TaEEL T
[7T] T
[ 2] ytz—l 0 2] V-1
A mpT1+1 A ~ ToT]+1
+ (By(ry) —1)? —b'—]T'— +2(B,(1,) = By(1,)) = T
T [7,T]
ytz—] 2 Yi-18;
A 5 A 2 [7oT]+1 A 1
+ ((BaA1y) = B2)* = (Ba(72) = B2)?) — T + (Bi(7) — 1) T
[70T] [7T]
Z Yi—18; 2 Y

[7,T]+1 N [7a
= (Balr,) = 1) =

+2(By(7,) = 1) T 7
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[7T1
E Y18
1
= sup Bu(r) 11 sup, | =
BT
[7T]
[E] Yi-18;
mpT]+1
+2 sup_ IﬁZ(Tb)_ll SUP s T
‘rh€l=.
[7T] T
[E] Ve [E] Yi-18¢
A pT]+1 ToT]+1 A
+ sup (By(m) —1)* sup : +2]= sup ]Bz(T) Ba(5)]
7EET 7,€EBL T T 7 T, EEL
T
[2] Y
ToT]+1
T sup |(Ba(m) = B2)* — (Ba(7n) — B2’
Ty T,EEL
[7,T] [70T]
2 Yi—18¢ E Yi—18¢
+ sup |Bi(r,) — 1| sup LU ) sup |B,(7,) — 1| sup S8
T;GEZ e r,€ET T €8T 2a r,EET T
[7T]
[2] }’;2—1
T T1+1
+ sup (By(7,) = 1)* su 25 0.
T,EBL EEﬁ T

This derives equation (16).
For 7 = 7,

1
T RSS7(75)

T [7T] 2 T
28,2 <2 Yt—lst) 2 Yi—-18;

1 N [7oT1+1
= T [7oT1 = 2(Ba(10) = B2) -

T ; yt2—l

T
2 Vi1

2 [7oT]+1

+ (By(mo) = B2) T

T
S 82+ 0,(1) + 0,(1) + 0,(1) 5> o2,
1

HI'—

This derives equation (17).
To show that (1/T)RSSy(7) converges uniformly to a random linear function above
o2 for r € BT, it is sufficient to show that
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o (/T )RSST(T) converges pointwise to a random linear function above o 2 for all
7€ BT and
(i) sup,ezr|(1/T)RSS7(1) — (1/T)RSS7(r + (1/T))| L5 0 for all 7 € &

To show (i), by Lemma 3 and (B.3) in Appendix B, we have

[70T]

T [mT]
1 21812 2 yt—lat ; ytz——l
7 RSS;(7) = —2(By(r)— 1) +(By(1) - 1)?
[+T] [+T]
[ T]+1yt_18t [ TE] lytz—l
= 2(Bi() = Ba) P+ (By(7) — Bp)? T
T
0 §+l Vi-18
= (o) = ) =
T [+T]
Estz )’12—1
= == = 0,(1) +0,(1) = 0,(1) + (Bi(r) = ) P = 0,1

(1“/32) (1 — 7 + B*(7p)) 24 2
o= o”

1-p3
To show (ii), use (B.3) in Appendix B, the triangle inequality, and Lemma 3. We

have
1 1 1
T?EPZ, FRSST(T) -7 RSST<7- + ;)‘
[7oT]
1 E Ve-18;
= sup 2(.31<T+ ) l31(7)>—‘;’*“
r€:+
[7T]
2 )’12—1
+(Bin-v-(.(r+5) -1 ) -
T T

[+7]
V71187041

E Yi-18;
[TQT]+1 N +_1_ _
w2(b(rr 7)) S a( (e 7)) 2
[r7]
Vi

>
1))

((31(7)*32)2 (1("'
>
~ 1 2 21 A 1 ~ 7T |+ y’—ls’
(B (e ) -m) 2 (B 7) - Ban)
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[70T]

; Yi—18¢

J)

2 Ye-18¢
+2 sup |B (7' + ! > = B,(7)| sup ol
resl ! T ! rest T
A 1 VT8,
+2 sup |B, (T + —) B sup | = T ey
reg’ T gt T
[+T]
1 2 [ TE] )’12~1
A T +1
+ sup. (By(7) — B)?— <,31 <T += ) Bz) >
re=% Te':T T

1 2 e
+ sup (/31 (7- + = ) Bz> sup 21
regl et T

T
Z Yi—-18;
+ sup ,é <T+l) /3 (1) sup Lt
regl ? T ? resl T
1 +T1E e
+ sup. B2<’T+ ) /32 su -————y[ didieald
TEI:+ T
0.
This derives equation (18).
APPENDIX J:

DERIVATION OF EQUATIONS (19)—(21)

For B1 =1, |B2| < 1 and for 7 = 79 — (m/T), m
we have

=1,2,3,...,and (m/T) > 0as T — oo,

(Ja) ykn—m = UZBZ(TO) =0 (])
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1| &
(Jb) sup = 3 yeie| =o0,01);
me(1,2,. L m/T)=0 T | kg=m+1
N m
(Je) sup By (7'0 - "> - ll =0,(1);
mef1,2,. .}, (m/T)—0 T
ko

ko+1
where
1 b
o 2 Yz2~1
( m) T i omr1 mB?*(7,)
alrg— =)= = .
T 1 b 1 L 1— 7o+ B*(7)
- 2 4 2 B2(7y) + ——2—— 0
Yie1+ Yi- mpB={7o _ 52
Tko—zm:—H ! Tkozﬂ ! 1-B;

Further, because

ko T
2 € Vi—1 2 €t Yi—1
ko—m+1 ko+1
o = 0,(1), =0,(1),
2 )’t2~1 2 Vi
kg—m+1 Ko+ 1
we have

m) (1 _,Bzz)mBz(To) + (1 ‘7'0"'32(7'0))32
T

(Jd) B, <To - = (1—B2)mB*(1y) + 1 — 7+ B*(7,)
Therefore

B < —ﬂ> gy — L= PImBN(r)(1 ~ o)
0T ’ (1= p3)mB*(7) +1— 75+ B*(7y)’

This derives equation (19).

149
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Using (B.1) in Appendix B, (5a), (5b), and (5d) in Lemma 3, and (Ja)-(Jd), we have
1 m
-; RSSr\ 79— -7:

T ko—m
233 ( 2 Yi-18;
1

T 2 Vi1 !
%
Yi-1
(D))
T

_ N m 2 ko—m+1
=7 +0,(1) + 0,(1) + <,82(7'0— F) - 1) 7 +o0,(1)

T
2 2 Yt2—1
« m ko+1
+ (ﬁz(%‘;) _,32> p=

ol (1 =79+ B*(7))(1 = B,)*mo*B*(1,)
T U= BmB (1) + 1 — 1o+ B2 (rg)

This derives equation (20).
For 7 = 7y + (m/T), we have

1 ko+m
(Je) sup - E Yi—18:] = Op(l);
me(1,2,..,m/T)»0 T | kgr1
) — kgn 2, = T~ 57)
T o1 ! 1- B3
by (5d) in Lemma 3;
T
(Jg) sup =l 2 veie| = 0,(1);
me(1,2,. 5 0m/T)~0 T |kyrm+1

1 Z 1z
(Jh) = s 2,=0,(1)
Tko-§+lyt ! T g Vi1 ’

o+1
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. 1
o2 ol
Bafrt szz) | = 0,1).

Using (B.3) in Appendix B, by (5a)—(5¢) of Lemma 3 and (Je) to (Jj) given previ-
ously, we can write the residual sum of squares as follows:

by (5d) in Lemma 3;

(J1) sup

m€&{l,2,..},(m/T)—0

i) sup

me{l,2,..},(m/T)—0

T

ko
Eerz 2)’:—18;
1 m 1 N m 1
?RSST<TO+ F)= - ——2<B1(70+?>—1>—*“]—;‘“‘

ko
2 E Y
1

ez

kot+m

2 Ye-18; 2
- 2(/31<70+ %) _Bz>kn+;T‘— + (él(TO_'— i;_) —ﬁz>

ko+m T 2
2 )’12—1 ( 2 yt—18z>

ko+1 kot+m+1
T T
T 2 ytz—l
kot+m+1
T kotm
283 ) E Vit
1 A m ko+1
- +op<1>+op<1>+o,,<1>+(Bl(m;)—ﬂz) ———
+0,(1)
, . (1=By)a?B*(19)(1 = B3"
=0° + .
1+,

This derives equation (21).

APPENDIX K:
PROOF OF THEOREM 4

It is not difficult to show that 77 is T-consistent by using a similar proof as in Appen-
dixes C and G. We want to prove a stronger result that

limy_,., Pr(k # ko) = 0.
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Because k < ko + 0,(1), for any 5 > 0, there exists an M < oo such that Pr(|l€ -
ko| > M) < . Therefore,

Pr(k+# ko) = Pr(|k —ko| > M) +Pr(lk—ko| =M and k#k,)
=n+Pr(lk—ky|=M and k+#ky)

M

m
=9+ D, Pr<RSST<TO - '7‘:) — RSSy(7p) < 0)

m=1

M m
+ > Pr<RSST <TO + —T—) — RSS;(1) < o).

Let h,(m) and h,(m) be defined as in equatlons (20) and (21), respectively. The pre-
ceding probability is equal to

=9+ 2 Pr(h,(m) + A7 <0) + 2 Pr(hy(m) + Ayp < 0),

m=1

where
m
Ayr = RSSy (7'0 - ?) — RSS7(79) = hy(m) = 0,)(1),

Ay = RSS; (70 + %) — RSS;(79) = hy(m) = 0,(1).

Because 41(m) and h,(m) are increasing with m, this implies every individual prob-
ability given earlier is declining with m. Thus, the preceding term is bounded by n +
MPr(hi(1) + Aj7 < 0) + MPr(hy(1) + Ayr < 0).

Further, because /(1) and h,(1) are positive and of order O,(1), there exists a T
large enough such that Pr(4,(1) + A7 < 0) =< n and Pr(h,(1) + Az < 0) < 7 for any
n > 0.

Therefore for any 5 > 0, Pr(k # ko) = 2M + 1) for all large T.

Because M is finite, we have limy_, ., Pr(k = ko) = 1 and plim ,él(f'T) plim ,31(7-0)
B1 =1, plim ,éz('rr) plim ,éz(ro) 52 These prove the consistency of ,Bl and ,82

To find the limiting distributions of 8;(#7) and B,(#7), note that for any given real
value x,

lim Pr(T(B(#r) = B1) =)

I

lim Pr(T(f,(7o) = B1) =x) lim Pr(k = k)

+ lim Pr(T(B,(#7) — B,) = x|k # ko) lim Pr(k # k,)
—o0 T—oo

}2130 PT(T(ﬁl(To) - B) =x).

_ Thus, B1(#7) and B, (7o) have the same asymptotic distribution. Similarly, 8,(#7) and
B2(7p) have the same asymptotic distribution. By (5a)—(5d) in Lemma 3, we have
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[70T]
2 Styt—l/T
A A 1
T(Bi(3) = 1) £ T(By(ro) =) = 70

T ’
2
2 v /T? 2f B
1 0

B (1) — 7o

T

2 &Y /NT =
~ ~ T + 1_ 2B 1
NT (Ba37) = Ba) % NT (Ba(r) — B) = 55 T
7o + B*(7,)
' E] yiu/T
70T ]+1

where B(-) and B(-) are defined in Section 2. These show the limiting distributions of
B1(77) and B,(#7) for a fixed magnitude of break.

These derive the limiting distribution of 3, and ,[:}2 for fixed magnitude of break.

To derive the limiting distribution of 7 for shrinking break, we fix 8, at one and let
Baor =1 —[1/NTg(T)], where g(T) > 0, with g(T) — oo and g(T')/NT — 0 as T — co.
Let v be a finite constant and B(-), B(+), and B,(-) be defined as in Section 2.

For 7 = 1o + v[g(T)/T] and v < 0, we have

(i) Az(7) = 0,(1);

[70T] T
2 Vi1 2 Yi—1€
iy (g 1y T T 0, Tg(T)0,1) 0( gm)
7 L NTg(Mo,r?) "\V T
2 Vi1
[rT1+1
=0,(1);
T
[2;4 yr2~1
ToT]+1 P .
(iii) . 1;
2 )’12~1
[rT]+1

1 [lv]g(T)]-1

Te (D) 20: Yig—1—1E€ky—~1

(iv)

1 [!vlg§)1—1 ztl
- Er—i | €p—
'_——Tg(T) - Yo P ko—i | €ko—t
ke 1 [lvlg(T)]-1 B g(T)

“VIGE 2 TN

X

[Ivlgg)]*-l 1 t 1
Ep—i €kt | =T

0 Ng(T) i=o fomt ko™t [ o(T)

Vio 1 [lvlg(T)]-1 g(T)

—\[? Ng(T) 0 NT

(—sko—t) - 01]( > = —U-ZB(TO)B] (—U);
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1 Lele@i-1 5
\% -
( ) Tg(T) - yko 1—1
1 [!vlgg)]ﬂ i 2
I mee— & i
Tg(T) 0 “ i= ko™

Yiy xgmyko“v ”'(1 ' );
VTN E 2 \ G2t

7) 1 [Lvlel-1 1 t 2
+ M N 2 2 Eko—i
T g(T) 0 i ¢

v | Yko < /%T)) + 0’)<$> = |v|o2B%(r,).

Thus, equation (B.2) in Appendix B becomes
RSS7(7) — RSSy(70)

[7T] [70T1
==2(Br— 1) 2 Y18+ (Bar — 1)? 2 )’r 1to, 1)
[+T]+1 [+T]+1
2 [l 1 Dl

N - 2
Ta(T) % (=Yug—1-18kp—1) + 2(1)T % Yiy—i—1 1 0,(1)

= —202B(1,)B,(|v]) + |v|o2B%(7,).
Similarly, for 7 = 7o + [vg(T)/T] and v > 0, by (B.4) in Appendix B and the facts
that
(vi) Az(1) = 0,(1),

[7oT] [rT]
- 2 Y8 2 Vi
(i) (Bar - 1) e T 0,(1)0,(Te(T) ( gm>
vii - = — - s/
" g NTeM0,(r?)  "\V T
Vo
2 iz
: = 0,(1),
yal
E Vi
- P
(viii) - -1,
2 )’t 1
equation (B.4) in Appendix B becomes
RSS7(7) — RSSy(7)
[+T] [=7]
=2(ﬁzr_1)[ TE] 1yt—|8t+(ﬁzr_1)2[ 2] )’12—1 +0p(1)
7ol 1+ 70T ]+1
2 Tu@)-1 1 @l
=- o) % Yo+t Ekg+r+1 T Tg—(ﬂ % J’130+t+0p(1)
Y 1 [vg(T))-1 y2
= \/—U_\/g(_T 20: sk0+,+1+vT+0(1)

= —20%B(7y)B,(v) + vo2B?(7,).
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Applying the continuous mapping theorem for argmax functionals, we have

A

(L= Bap) T2 (g — 79) = —— (37— 70) = = Argmin{RSS, () — RSS, (o)}

g(T) vER
w231
e B0 1
- Ar%éﬁ“( B(r) 2 '”’)’

where B*(v) is a two-sided Brownian motion on R defined to be B*(v) = B,(—v) for
v = 0 and B*(v) = B,(v) for v > 0.
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