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Abstract

Quite often, when parametric models are tested for structural change, they are fitted to
filtered series instead of raw data. Many filters, like those associated with the X-11
seasonal adjustment program, have smoothing properties. Hence, they have a tendency
to disguise structural instability. The paper analyzes, both theoretically and via Monte
Carlo simulations, the effect of linear filtering on the statistical properties of several tests
involving structural change. Historical series of economic activity covering the Great
Depression are used to study and illustrate the sensitivity of some tests to the application
of seasonal adjustment filters.
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1. Introduction

The analysis of structural change has occupied an important place in econo-
metrics to assess the adequacy of particular models and to characterize the
temporal behavior of economic time series. Typically, a parametric model is not
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fitted to raw data but instead to filtered series, such as seasonally adjusted
data. As these filters entail smoothing of data, they may conceal a structural
change in the unadjusted Data Generating Process (DGP). The widely used
Census X-11 seasonal adjustment program, for instance, leaves a constant and
linear trend unaffected, as noted in Ghysels and Perron (1993), but has no such
invariance property with respect to breaking trends and level shifts. This
observation, discussed in Section 2, makes seasonal adjustment with X-11, not
an innocuous operation with regard to tests involving aspects of structural
instability.

The paper analyzes, both theoretically and via simulations, the effect of
linear filtering on the statistical properties of various classes of tests in the
presence of structural change. While our discussion focuses on a general class
of two-sided linear filters, satisfying certain regularity conditions, specific
attention is given to the linear approximation of the X-11 procedure. Three
classes of tests are considered, namely, (1) tests for a unit root allowing for the
presence of a change in the trend function, as discussed in Perron (1989, 1994),
Banerjee, Lumsdaine, and Stock (1992), Zivot and Andrews (1992), and others,
(2) tests for changes in a polynomial trend function for a dynamic time series
model, proposed by Gardner (1969), MacNeill (1978), and Perron (1991b), and
(3) tests for parameter instability with unknown change point, as discussed by
Andrews (1993).

A general theoretical treatment of filtering effects on the asymptotic proper-
ties of the tests, particularly those belonging to the second and third classes, is
not presented. Certain simplifications are made to obtain tractable analytical
results. For instance, in some developments it is assumed that the DGP is
a simple level shift model without seasonals. While there is no point in
seasonally adjusting such series, one can interpret our analysis as focusing on
a particular component of interest which is part of a more complex time series.
Monte Carlo simulations complement our theoretical findings and show that
the qualitative effects uncovered by the asymptotic results extend to more
general models.

The outline of the paper is as follows. Section 2 presents a preliminary
analysis of the effects caused by seasonal adjustment procedures on purely
deterministic components when structural breaks are present. Section 3 dis-
cusses in more detail the models and statistics involved, while Section 4 elabor-
ates on the large sample behavior of tests with filtered data. On the other hand,
Section 5 reports simulation experiments which allow us to better assess these
effects in small samples and extends some of the large sample results to more
complex time series models. Finally, Section 6 concludes with empirical exam-
ples. Historical series covering the Great Depression are used to illustrate the
adverse effects seasonal adjustment filters may have on tests involving structural
changes.
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2. Filtering and breaking trends

For the purpose of motivating the discussion, let us consider two purely
deterministic time series, namely:

vy, = + pt + 8DU,, 2.1

y,=u+ pt + 6DU, + yDT*, (2.2)

where DU, =1, DT* =t — T, if t > T, and 0 otherwise, with T, representing
a breakpoint. In (2.1), a level shift is present in the DGP with intercept u
for t < T, and pu + 8 thereafter. In (2.2), a change in both the intercept and
the slope occurs after T,,. Let us consider now the effect of ‘seasonally adjusting’
these processes. Of course, there is no point in seasonally adjusting such
series since they exhibit no seasonal behavior. Yet, as they may be a component
of a time series which is being seasonally adjusted, it is useful to consider
the effect of a filter like X-11 on these trend components." To simplify the
discussion, we consider the linear approximation of the X-11 filter rather than
the actual procedure and focus on the monthly filter denoted by v&f,,(L).? It is
a two-sided symmetric filter spanning 65 observations on each side with weights
that add to 1.3

The ‘seasonally adjusted’ series yi* = vi';,(L)y, are plotted in Figs. 1a and 1b
which contain the original series (panel A) as well as their filtered counterparts
(panel B). For purpose of comparison, panel C presents a graph of y, — y* in
both cases. The first example, appearing in Fig. 1a, is one where a level shift
occurs at T, = 150 and the sample size T is 300 (though not the entire sample is
plotted on the graphs). To simplify the presentation, we set f =0 in (2.1) and
choose = —0.5 and 0 = 1. Hence, at t = T, = 150, a level jump equal in
magnitude to one occurs. Such an abrupt level shift is obviously difficult to
smooth. Two things happen when a level shift is filtered with vy, ,(L). First, the
magnitude of the discrete jump at t = T, is reduced by approximately 10% (this

! Several researchers have proposed a set of desirable properties that any seasonal adjustment
procedure should have (e.g., Granger, 1978; Hylleberg, 1986, Ch. 2). One of them, sometimes referred
to as idempotency, is that adjustment filters should leave already adjusted and/or nonseasonal time
series unaffected. In that spirit, a desirable seasonal adjustment procedure would leave Eqgs. (2.1) and
(2.2) unaffected.

2For a more detailed discussion of the linear approximation, see, for instance, Bell (1992) and
Ghysels and Perron (1993). We will not repeat the details here, and the reader should refer to these
papers. By focusing on this linear approximation, we abstract from the modus operandi of the X-11
procedure in practice. At the end of this section, we briefly discuss issues which make the actual X-11
procedure different from its linear filter approximation and to what extent these differences are
relevant with respect to analyzing structural changes.

3 The filter weights appear in Ghysels and Perron (1993, Table A.1).
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feature is more explicit in panel C where the difference between the two, i.e.,
y. — yi°, is plotted). Second, a saw-toothed pattern appears before and after the
actual break. The pattern, in fact, looks seasonal. The source of this pattern is
relatively easy to understand, considering the filter weights of v, ,(L). As the
filter is two-sided, it starts picking up the break at ¢t = T, — 65 when the most
extreme lead term of the linear approximation ‘hits’ T,. Moreover, the break
still affects y;* at T, + 65 due to the most extreme lag term. Moreover, the
saw-toothed pattern is a consequence of the design of the filter weights. Consider
next the case corresponding to (2.2), where the slope and the intercept
change at time T,. Here again, we observe the two effects of passing y, through
vt 1(L), namely, the level shift is reduced while the change in slope zig-zags
through time.

Before turning our attention to the test procedures, we make two observa-
tions about the use of the linear X-11 filter. First note that the smoothing
produced by the actual X-11 program is probably greater than that resulting
from the application of the linear filter vyf,,(L). Indeed, two features of the
actual procedure have a smoothing effect not captured by the linear approxima-
tion. First, the detrended series, obtained using the so-called Henderson filter, is
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Fig. 1a. Level shift before and after filtering.
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Fig. 1b. Slope and level shift before and after filtering.

rescaled once outliers are detected.* This part of the procedure replaces actual
observations by refitted values based on a rescaled and nearest neighbor
smoothing scheme. Secondly, the Henderson filter can be replaced by a longer
moving average with 23 terms instead of the default value of 9. In the remainder
of this paper, we continue to work with the linear approximation, as any
theoretical development would be difficult with any of the real-time complica-
tions associated with the procedure. One should keep in mind though that the
nonlinearities of the X-11 program not taken into account in fact exacerbate the
undesirable effects of seasonal adjustment on procedures involving structural
breaks. Finally, note that we consider only two-sided filters while in practice
one-sided filters are often used when all the data required to apply the two-
sided filters are not available. Such is the case at either end of the sample or
whenever preliminary data releases are studied. We do not pursue any analysis of

4 Hylleberg (1986, p. 90) provides a reasonably nontechnical description and summary of this feature
of the X-11 program. Ghysels, Granger, and Siklos (1995) discuss in detail and provide simulation
evidence about the nonlinear features of the X-11 program.
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one-sided filters primarily for two reasons. First, regularity conditions required
for a linear filter not to affect a linear trend rule out one-sided filters (see Ghysels
and Perron, 1993). Second, there are a multitude of one-sided linear filters, in
principle 131 for the monthly X-11 case. Choosing a specific one could only be
justified using some arbitrary criterion.

3. The models and statistics

In this section, we briefly review the models and statistical procedures and,
when necessary, extend them to a seasonal context. Three different classes of
tests are investigated, namely, (1) tests for a unit root allowing for the presence of
a change in the trend function, (2) tests for changes in a polynomial trend
function for a dynamic time series, and (3) tests for general parameter instability
with unknown change point.

3.1. Unit root tests

A detailed discussion of tests for a unit root allowing for the presence of
a change in trend function appears, for instance, in Perron (1989, 1994). A first
model is one where only a change in the intercept of the trend function is
allowed under both the null and alternative hypotheses. The ‘innovational
outlier’ version generalized to allow for seasonal components leads to the
following regression to compute the relevant unit root test:

ye=p+ 0DU: + ft + OD(Ts), + ayi—1

k S-1
+ z cdy,—; + Z by, + e, (3.1
=1

i=1 s

where D(Th), =1 if t = T, + 1 and zero otherwise, and d, is a set of S — 1
seasonal dummies with corresponding mean shifts denoted by b;.

Before turning to the second and third models, a brief discussion about the
appearance of seasonal dummies in (3.1) is in order. First note that in all the
models considered seasonal mean shifts remain fixed under both the null and the
alternative hypotheses. This assumption avoids the complication of changing
seasonal patterns discussed in Ghysels (1990) and Canova and Ghysels (1994).
As all auxiliary regressions include a constant, we know from results in
Hylleberg et al. (1990) that the asymptotic distributions of test statistics will not
be affected. Hence, the presence of seasonal dummies in (3.1) and other regres-
sions below does not entail any change in the asymptotic critical values to be
used.
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Under the second model, both a change in the intercept and a change in the
slope of the trend function are allowed at time T, and the appropriate regression
is

ve=pu+ 8DU, + ft +yDTX* + 6D(Ty), + oy, -

k S—1
+ Y cdyi+ Y by + e (3.2)

i=1 s=1

In the third model, a change in the slope of the trend function is allowed but
both segments are joined at the break. Hence, the change is presumed to occur
rapidly and corresponds to the ‘additive outlier model’, as discussed in Perron
(1989). The null hypothesis of a unit root can be tested using the following two
regressions:

s-1
ye=p+pt+yDT* + j, + Z bdy, (3.3a)

s=1

k
Ve=of-1 + ZCiAft—i“'“er- (3.3b)

i=1

We denote by #;(i, Ty, k) (i = 1, 2, 3) the ¢t-statistic for « = 1 under model i with
a break date T, and truncation lag parameter k. In the simulation experiments
to be reported in Section 5, we consider both cases where T, is assumed known
and unknown. In the former case, the proper critical values to be used are those
in Perron (1989) for all three models (see also Perron and Vogelsang, 1993).
When the breakpoint is treated as unknown, we follow Zivot and Andrews
(1992) and consider the statistics £f(i) = miny, . 4o 1 tali, Ty k) (i =1,2,3),
whereby T, is chosen such that the t-statistic for & = 1 is minimized over all
possible breakpoints. In this case, the appropriate asymptotic critical values to
be used are those reported in Zivot and Andrews (1992) for models 1 and 2 and
in Perron and Vogelsang (1993) for model 3.

To select the truncation lag we consider, in both the simulations and the
empirical applications, a data-dependent method based on a general to specific
recursive strategy using the value of the t-statistic on the coefficient associated
with the last lag in the estimated autoregressions.’

> More specifically, the procedure selects that value of k, say k*, such that the coefficient on the last
lag in an autoregression of order k* is significant and that the coefficient on the last lag in an
autoregression of order greater than k¥ is insignificant, up to some maximum order k,,,, selected
a priori. We use a two-sided 10% test based on the asymptotic normal distribution to assess the
significance of the last lags. See Ng and Perron (1995) for further discussion on the theoretical
justification for this procedure and Perron and Vogelsang (1992) for simulation results in the context
of unit root tests with breaks.
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3.2. Tests for changes in a polynomial trend function

We now consider tests for structural change in a polynomial trend function.
The basic process has three components, namely: (1) a polynomial trend func-
tion of order p denoted N,, (2) a stationary AR(k) process denoted X,, and
(3) a set of seasonal deterministic mean shifts. Except for the third component,
the setup is similar to that in Gardner (1969), MacNeill (1978), and Perron
(1991b). The process y, is then characterized as

S-1

=N+ X, + ) bdyg, (3.4a)
s=1
p .
No=Y Bi.t, (3.4b)
i=0
k
X,o=YoX,-;+e, (3.4¢)

where ¢, is i.i.d. N(0, ¢2). Under the null hypothesis, f; , = B; for all i. Under the
alternative, some of the f; , change at least once over time. Again, the seasonal
pattern is assumed to be fixed under both the null and the alternative hypo-
theses. A one-time change in the coefficients at a given date T, will be the
alternative hypothesis of interest. To describe the test statistics, consider first the
following regression estimated by OLS:

p S-1

W= ZBiti—}_ Z Esdst+
i =1

i=0 s

k

Yadjy-j+én., t=1,..,T, (3.5)
i=1

where we denote the estimated residuals by é5 , to highlight the fact that they are
obtained from a regression involving a polynomial trend of order p and a set of
seasonal dummies. We shall denote the residuals by é, , when the dummies are
not present in the regression. The test statistic, denoted QD3(p), is given by

T-1 t 2
QDHp)=T ?672 ) < > ég.,-) , (3.6)
(=1 \j=1
where 62 = T 'Y [ (&5.,) A similar test statistic for the nonseasonal case will
be denoted QDy(p) when ¢, , is replaced by é, ,. The asymptotic distribution of

this test was derived in Perron (1991b). It depends on p and is tabulated in
MacNeill (1978) for the case where the noise component is a stationary process.

3.3. General tests for parameter instability with unknown change point

The last class of tests considered are special cases of the general framework
considered in Andrews (1993). We again consider data generated by (3.4), with
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the restriction, however, that p = 0, yielding an AR(k) nonzero mean model,
possibly with seasonal mean shifts. The null hypothesis Hy: f,., = B, is con-
sidered. This corresponds to what is termed by Andrews as a ‘partial’ structural
change test, as it does not involve testing the time invariance of the parameters
a; and those associated with the seasonal mean shifts. We let T, = 2T where
7 belongs to a subset of [0, 1]. We use n € [0.15, 0.85] in the simulations and
empirical applications. For any given value of n, consider the regression

S—-1
= Bo1(@ (1 — DU,) + Bor(m) DU, + Za,y, i+ Zbds,+u (m). 3.7

5=

From (3.7), it is relatively straightforward to construct Wald statistics over the
range of possible breakpoints. Namely, for n given,

W E(m) = T(Bor(m) — Bor(m)) (V1(m)/m + Va(m)/(1 — )~
X(ﬁm(n) - Boz(n)), (3.8)

and compute sup, W §(n), denoted sup W §. The variances V,(n) and V,(x), for
Bo1(n) and B, (m) respectively, are obtained from each of the subsamples and
involve corrections for possible heteroskedasticity and autocorrelation as dis-
cussed, for instance, in Newey and West (1987). An equivalent statistic for the
nonseasonal case will be denoted SupW;. The asymptotic distribution of
supW 3 and sup W is tabulated in Andrews (1993). Along the same lines, one
can construct likelihood ratio tests denoted sup LR} and sup LRy, this time
involving the estimation of a constrained model.

4. Large-sample analysis

Our aim in this section is to discuss the qualitative features of the effect of
seasonal adjustment filters on the behavior of some test statistics in large
samples. In particular, we want qualitative results that will enable us to draw
some conclusions about the likely direction of the biases in terms of size or
power. As we shall see, things get complex quite quickly and, in view of keeping
the exposition manageable, we consider only simple models and special cases of
the statistics described above.

4.1. Unit root tests

For the unit root tests, we consider as DGP a special case of model 3 with
a change in slope in the context of a known breakpoint T,. The tests are
constructed without the addition of seasonal dummies and without additional
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lags in the autoregression (3.3b). Under these restrictions, the two-step proce-
dure for this model reduces to

y.=pu+ ft+yDT¥ + 7, 4.1)
Vi=aJi-1 + e, 4.2)

estimated by OLS. Without loss of generality, we also set the true values
u = B =0. Consequently, the DGP considered is of the form:

ye=7DT¥ + Z,, (4.3)

where Z, is the noise component. If a unit root is present, we have
Z,=Z,_1+v, where v, is a stationary ARMA process of the form
A(L)v, = B(L)e, with e, ~ i.i.d. (0, ¢%). For a trend-stationary process, Z, is itself
stationary.

We denote the seasonal adjustment filter by v(L) =", v,L, a two-sided
polynomial with 2m + 1 terms. The following analysis assumes this filter satis-
fies v(L) = v(— L) and v(1) = 1 [the last condition being necessary to justify our
elimination of the intercept and the slope in (4.3)]. This framework covers the
case of the linear approximation to X-11. Let y/ denote the filtered data. As is
well-known, the normalized least-squares estimator of « in (4.2) using filtered
data is given by T@ — ) =T 'S5/ G/ — 5L/ T 23,2 1)% Our
aim is to study the limiting distribution of T(&’ — 1) under the null hypothesis
of a unit root and the probability limit of 4/ when considering the alternative
hypothesis of a stationary noise component. The filtered data is given by

vl =v(L)y, =yv(L)DT* + v(L)Z,. (4.4)

Note first that the unit root property is preserved by the application of the filter.
Indeed, if a unit root is present, v(L)Z, = Z,f = Z,f_l + v(L)y, = Z,f_l + 1,
where #, = v(L)A(L)” ' B(L)e,. Since v(L) does not contain a root on the unit
circle, #, is itself a stationary process having a different variance from v, though
an identical spectral density function at the origin. The effect of the filter on the
trend properties of the data is such that

v(L)DT* =0 if t<T,—m,
=t—T, if t>2T,+m, (45)
1
= Amt = Z (t+1——i)vrh+1_,- lf Tb—m<t<Tb+m
i=T,—m+1

It is shown in the Appendix that the asymptotic distribution of T(&' — 1) is
the same as that stated in Perron and Vogelsang (1993) for the case where the
data is not filtered except for the fact that the nuisance parameter § = (g7 —
s2)/20% is now defined in terms of s; = limy.,, T 'Y, E(57) instead of
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st =limy, T 'Y, E(v}) where we recall that , =v(L)v, [note that
o} =lim. T HY n)? =02 =lim;., T Y X", ,0) since v(1)=1].
Since usual tests for a unit root do not depend asymptotically on nuisance
parameters, the tests will have an identical limiting distribution under the null
hypothesis whether the data are filtered or not.

Consider now the limiting behavior of &/ under the alternative hypothesis of
a stationary noise component. Tedious algebra yields:®

T
T-! Zy:ff,_l— ‘zzfz,_1+o,,(1), (4.6)
t=2 t=2
T T
Z GL)P =T ' Y (Z1L1)? + 0,(1). 4.7)
t=2

Hence, the limiting bias of &/ is the same as in the case where no break in the
trend function is present. This case was analyzed in detail in Ghysels and Perron
(1993) who showed that the probability limit of &/ depends on the underlying
process and is, in almost all cases, greater than the true first-order autocorrela-
tion coefficient when v(L) is the X-11 filter. This last fact, which still prevails
here, implies a loss of asymptotic power for tests of unit roots. Note that, as
shown in Ghysels and Perron (1993), this asymptotic bias still prevails if the tests
are based on augmented autoregressions.

The basic reason for the fact that filtering the data in the presence of a break in
the trend function does not add a further element of bias to the test asymp-
totically is that, even though the filter does not leave the trend function
unchanged, it affects it for a finite number of periods only, related to the length
of the filter (m). An alternative asymptotic framework would let this number of
leads and lags increase as the sample size increases. The idea here is akin to
a continuous time asymptotic framework where the sampling interval decreases
to zero as the sample size increases to infinity. Indeed, it is well-known that
seasonal filters, such as the linear approximation to X-11, incorporate more lags
the finer the sampling interval.” Though we do not analyze explicitly a continu-
ous-time approximation, such an asymptotic framework with m increasing can
yield additional insights into the qualitative properties of the tests in the
presence of filtering.

To that effect, we first need to specify the framework relating the behavior
of the filter weights as the sample size increases. We specify the sequence of
weights:

Tvy([Ts]/T)—v(s) as T — 0. 4.8)

¢ Using (A.2) in the Appendix and especially the fact that ¢, and ¢4 are O,(T ~¥2) when Z, is
stationary (as well as the fact that m is fixed as T — o).

"The quarterly X-11 filter involves 27 leads and lags whereas the monthly one has 65.
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Condition (4.8) is reasonable in the sense that it lets the weights on distant
leads and lags decrease to zero at a fast enough rate. Let the number of lags on
each sides of the filter be such that m/T -k as T - oo (we also specify
T,/ T — A). Using (4.8), we have

[Tr]
T_lxm,[Tr] =T ! Z (Tr] +1 - i)vT,,+1—i

i=T,—m+1

[(Tr]-Ty+m
=T_1 Z ([Tr]—Tb+m+1—i)vm+1_,~

i=1

r—A+k

= | [r—A+x—s]Tvg(x —s)ds 4.9
0

r—A+x

= [ [r—A+x—s]v(k—s)ds

= rjfl[r — A —s]v(— s)ds.

Under this alternative asymptotic framework, we obtain a rather different
characterization. From (A.2) in the Appendix, we can verify that the term g, , is
O,(T) and dominates all others under the alternative hypothesis of a stationary
noise component. Hence, we deduce that

T T
& = T35yl / T30
2 2

T,+m T,+m
=T7° ) xm,.xm,t-l/T‘3 Y me +0p(1). (4.10)

t=T,—m t=T,—m
Considering first the numerator of &/, we have

T,+m T,+m

T3 Z Yo tXma—1 =T 73 Z [Xyﬁ,x—1+vn+1—:xm.z—1]-

t=Ty—m t=Ty,—m

Using (4.8) and (4.9), we have the limiting results

Ty+tm Atk

T Z Xri,t—1= I(T_lxm.[m)zdr

:A}K(r(r—l—s)v(—s)ds)zdr. 4.11)

Using (4.10), (4.11), and the fact that T "23 "™ vr o1 dm, -1 = Op(1), it
is readily seen that ¢/ — 1 under the alternative asymptotic framework where
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m increases to infinity as 7 increases. Our argument is not that this alternative
limiting result provides a better approximation to the finite-sample distribution.
Rather, we view the fact that &/ — 1 under the alternative hypothesis as suggest-
ing the presence of an additional bias, caused by seasonal adjustment filters, that
will reduce the power of the tests in finite samples.

To summarize, our results, though obtained from a special model and test
statistic, suggest the following features to be expected in finite samples about
unit root tests that allow for the possibility of a break in the trend function:
(1) seasonal adjustment filters have little effect on the size of the tests; (2) they,
however, create a bias towards nonrejection of the unit root. This bias is caused
by two components: the upward bias on &/ that would occur without breaks (as
analyzed in Ghysels and Perron, 1993) and a further bias caused by the
distortionary effect of filtering on the trend function itself.

4.2. Tests for structural change

To keep the theoretical derivations analytically tractable again, while still
aiming for qualitative results about distortions to size and power caused by
filtering, we consider the simple case of a change in mean in an 1i.d. sequence
whereby the statistic @D+{0) is applied. The data-generating process is given by

v =(6//T)DU, +e, 4.12)

where e, ~ 1.i.d. (0, 6*) and DU, is defined in Eq. (2.1). Under the null hypothesis,
d = 0. By specifying the process with change in mean 5/ﬁ , our goal is to
provide a comparison of the local asymptotic power of the statistic constructed
with and without filtered data. This derivation is obtained using the asymptotic
framework whereby m increases to infinity as T increases and (4.8) is specified
for the sequence of filter weights,

We recall from the definition of QD1(0) that we can write QD,(0) = T~ 262
Yo ME e (y; — V)%, where 62 = T 'S (y, — Y)2 The statistic constructed
with filtered data, QD%(0), is defined analogously with y, replaced by y/ =
v(L)y,. We first discuss the limit of the statistics under the null hypothesis. From
MacNeill (1978), we have

1
QD1(0) = | B(s)’ ds, (4.13)
o

where B(s) = W (s) — j W (s)ds is a demeaned Wiener process. It is straightfor-
ward, using arguments similar to those in Perron (1991b), to show that

1
QDT(0)=y ! [B(s)*ds, (4.14)
O
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where ¥ = [* v(s)?ds = limy. T 'Y (v(L)e,)?/0;. Comparing (4.13) and
(4.14), we see that filtering will induce size distortions in the limit if y # 1. Note
that we have the approximation  ~ Y™ v?. For the linear approximation to
the X-11 seasonal adjustment procedure, ¥ is 0.826 for the quarterly version
while 0.785 for the monthly version. In both cases, the application of the
seasonal adjustment filter will induce tests that are liberal (oversized) even in the
limit (slightly more so in the monthly case).

We now consider the local asymptotic power function of the tests. Consider
first the case where the unfiltered series are used. From Perron (1991b, Thm. 6),
we deduce:

1
QD7(0)= | BE 5(r)*dr,
0

where B ;= W({r) —rW (1) —(8/a,) 1 — r + 1(r > A)(6/0,)(r — ). To sim-
plify, we analyze the case where d is ‘large’. In that case, we have the approximate
relation

OD1(0) ~ (62/02)A%(1 — 4)?/3. 4.15)

We now consider the case where filtered data are used. It is shown in the
Appendix that for large 6 we have the approximation:

QD7(0) ~ (52/03){[“/1 +x)+ (1 — 4= 1)1 (A —x)*/3
+ [T+ 1) + (A — 10121 — 4 —1)*/3 (4.16)

+ [ [Fr+A=C+HTA+r) -+ 1 —A—K)]Zdr},
where I'(r+ ) = [[TA[{ v(—s)ds]dj = |, [.,v(—s)ds. The relative
asymptotic power function of QD%(0) and QD(0) in the filtered and unfiltered
case is given by the ratio of (4.16) to (4.15). This ratio can be evaluated using the
following approximations:

ri=rr+4)=T" i(iv_s> i_ls[Tr]<%,

j=—m\s=-m T
i=—m+1,..,m,

and the approximation for the integral in (4.16) is given by

T ! i [Fi—G/T+ A, — /T + (1 —24—x)]%

i=—-m
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Table 1
Relative local asymptotic power of QDQ(O) and QD+(0)

T A=01 A=02 A=03 A=04 A1=05 1=06 A=07 A=08 1=09

100 Quarterly 0857 0932 0969 0991 1008 1.025 1.046 1084 1.215
Monthly — — — — — — — — —

200 Quarterly 0918 0969 0989 1000 1008 1017 1027 1045 1.097
Monthly 0951 0966 0982 0933 1.002 1011 1023 1046 1.137

500 Quarterly 0968 0989 0997 1002 1005 1008 1.012 1020 1.040
Monthly 0965 0987 0995 1000 1003 1.007 1011 1019 1.041

1000 Quarterly 0985 0995 0999 1001 1003 1.004 1007 1010 1.020
Monthly 0983 0994 0998 1001 1002 1.004 1006 1010 1.021

Using these approximations, we evaluated the relative asymptotic power
function of the QD§(0) and QD (0) tests when the data were filtered using the
linear approximation to X-11. Note that for the quarterly case m = 27, and
for the monthly case m = 65. We set xk = m/T and considered a range of T
between 100 and 1,000 and 4 = 0.1, 0.2, ... ,0.9. The results are presented in
Table 1.

Several interesting qualitative features emerge from these results. The
most important being the fact that the relative efficiency of the test is lower
with filtered data than with unfiltered data when A is small, i.e., when the break
occurs early in the sample. The reverse is true when 4 is greater than 0.5. With
A around 0.5, the two versions are approximately as powerful. These qualitative
results are little affected by different values of T. Finally, filtering the data
induces a greater power loss, in general, with the quarterly filter compared to the
monthly filter. In general, however, the power losses or gains are relatively small,
within + 5%.

Our results, though obtained from a simple model and test statistic, show
important qualitative effects that are likely to extend to other models and tests.
They show that size can be affected (overly liberal tests) as well as power. Unlike
tests for unit roots, the effect on power can go cither way, depending on the
position of the break.

5. A simulation study of the finite-sample behavior

We now turn our attention to the finite-sample behavior of the various test
statistics presented in Section 3. We first describe the Monte Carlo design
followed by the results for each of the three classes of tests.
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5.1. The Monte Carlo design

We focused exclusively on the monthly X-11 filter and studied that statistical
properties of tests in samples of 100 and 200 filtered observations, hence a ten- to
twenty-year span on monthly observations. In effect, data sets of 400 observa-
tions were drawn in each Monte Carlo iteration so that the two-sided X-11 filter
could be applied. A sample with 200 filtered observations started with the 101st
observation after the entire series of length 400 is adjusted with the v 11(L)
filter. Whenever seasonality was present in the DGP, the following monthly
pattern was chosen: b; = — 0.05, b, = — 0.03, by = 0.03, b, = 0.05, b5 = 0.05,
be =0.02, b, = —0.05, bg = —0.02, by =0.02, b,, =0.02, and b, =0.02.
Hence, the dummy shifts sum to zero and exhibit what can be viewed as a typical
monthly seasonal pattern in economic time series (assuming b, corresponds to
the second month).

For each model, we considered two scenarios regarding the treatment of
a seasonal component in the DGP. One scenario consisted of generating data
without a seasonal pattern. The other included seasonal dummies, with the
mean shift values described above. With no seasonality in the data, we construc-
ted the tests using regressions without seasonal dummies and compared their
properties with and without filtering. Here, as seasonality is absent, we isolate
the effect of linear filtering with v%“(L) on the statistical properties of the
different tests. In the second scenario, when the DGP contains seasonal patterns,
filtering serves as an attempt to remove the seasonal mean shifts.

5.2. Unit root tests allowing for a breaking trend

We focus here on models 1 (a change in intercept) and 3 (a change in slope).
Model 2 is not reported as the results were similar to those of model 3. The
DGP’s considered imposed an AR(1) structure so that, under the null hypothe-
sis of a unit root, the process is a pure random walk. Under the alternative
hypothesis, the noise component, denoted ¢(L)e,, is an AR(1) such that
¢(L) = (1 —aL)™!. To analyze power, we set a = 0.85. Moreover, it was as-
sumed that 4 = =0 in Egs. (3.1) and (3.3a). With seasonality in the DGP,
three testing strategies are considered. The first consists of applying the tests to
filtered series, while the second involves unfiltered data and adding seasonal
dummies to the regressions used to calculate the tests. Finally, the third strategy
consists also of using the unfiltered data and constructing the tests using
standard augmented regressions without added seasonal dummies. The value of
k..ax for the data-dependent method to select the truncation lag was set equal to
4 except for the latter configuration, where it is 12. We report results for
T = 200. In generating the data, the breakpoint T, was set at half-sample, i.c.,
T, = 100 (or the 200th observation generated). All simulations were done with
1000 replications.
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Table 2
Size and power properties of the unit root tests against breaking trend alternatives, filtered and
unfiltered series; t;(i, T, k) statistics, i = 1, 3, nominal size 5%; sample size T = 200, T, midsample

DGP without seasonal dummies DGP with seasonal dummies

Unfiltered Filtered Unfiltered Filtered Unfiltered
(krnax = 12)

Size Power Size Power Size Power Size Power Size Power

Model 1 — Known breakpoint

6=050 0058 0621 0053 0583 0059 0601 0061 0720 0.048 0.761
d=100 0060 0783 0048 0642 0054 0799 0058 0812 0045 0.882

Model 1 — Unknown breakpoint

6=050 0050 0531 0038 0354 0048 0585 0056 0382 0049 0.698
6=100 0052 0573 0041 0418 0053 0773 0054 0611 0051 0.833

Model 3 — Known breakpoint

y=005 0052 0601 0052 0578 0052 0446 0052 0401 0052 0411
y=010 0050 0777 0052 0651 0051 0513 0053 0492 0049 0518

Model 3 — Unknown breakpoint

y=005 0049 0333 0041 0282 0041 0379 0045 0361 0048 0.378
y=010 0042 0411 0041 0351 0051 0448 0047 0489 0049 0452

Table 2 reports size and power of the unit root tests for models 1 and 3. In the
first model (3.1), the parameters § and 6 were chosen such that é = 6/(1 — «),
hence for any value of 4, we have 0 = 3(1 — ). We selected é = 0.5 and 1.0,
measuring two different magnitudes of discrete jumps at time T),. A level shift
equal to 0.5 is small considering that its magnitude is half the standard error of
the disturbance term. For model 3, we set y = 0.05 and 0.10. The parameter
y determines a change in slope rather than a jump, hence the different order of
magnitude. The top two panels of Table 2 display the size and power for tests
related to model 1 under different configurations with the breakpoint assumed
known or unknown and where the DGP lacks or exhibits seasonal mean shifts.
The nominal and empirical sizes of the t;(1, T}, k) statistics appear very close,
indicating that size distortions are at most minor. This observation also applies
to test statistics pertaining to model 3 (the bottom panels of Table 2), and, hence,
we focus our attention exclusively on the power properties of the various tests.
The fact that no size distortions occur in small samples agrees with the asymp-
totic results discussed in Section 4.1.

For the power properties, let us first turn our attention to cases where the
DGP does not exhibit seasonal mean shifts. As the asymptotic development
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indicated, it clearly appears from the simulation experiments that tests are less
powerful, irrespective of the assumption about knowing the breakpoint, whenever
data series are passed through the linear X-11 filter. When the DGP exhibits
seasonal mean shifts, this finding also generally holds with some exceptions when
one compares the filtered and unfiltered simulation scenarios [the column labeled
unfiltered (kn., = 12) will be discussed later]. Indeed, for model 1 with a known
breakpoint, it appears from Table 2 that tests applied to unfiltered data yield
slightly better power, sometimes by a margin exceeding 10%.%

A third scenario for dealing with seasonality in the DGP consists of using
unfiltered data combined with setting k,,, = 12 (since simulated data represent
monthly series) but without including seasonal dummies in the regression. As
the series are unfiltered, we no longer have the negative effect of X-11 on the
power of tests. Moreover, as there are no seasonal dummies but only an
autoregressive expansion of at most length 12, we may clearly expect to gain
power relative to the first scenario which almost always involves more re-
gressors. The power properties of the second scenario, i.e., filtering and &,,,, = 4
versus the third one are a priori not easy to assess because the former usually
involves less regressors.® Regarding model 1, the third scenario is the most
powerful. Overall, the results for model 3 are quite similar, except for the fact
that the three different scenarios in the seasonal case do not yield such marked
differences in power.

Perhaps the most important conclusion to retain from these simulations is
that introducing seasonal dummies in regressions, sometimes a natural thing to
do with unadjusted data, does not seem to be as good compared to filtering
either via AR lag augmentation or via a procedure like X-11. The difference
between the latter two does not seem to be such a clear-cut case, though the
third scenario seems to have an edge over standard seasonal adjustment filter-
ing. It is also worth recalling at this point the fact that the actual implementation
of the X-11 procedure entails most likely more smoothing than the linear filter
induces. Taking this into account makes the edge of the third scenario all the
more important in most practical circumstances.

3.3. Tests for changes in a polynomial trend function and parameter instability with
unknown change point

We now study the finite-sample properties of the tests presented in Sections
3.2 and 3.3. Because the asymptotic derivations in Section 4.2 were restricted to

8 There is an easy explanation for this. Two opposite effects on the overall power properties in finite
samples must be taken into account. On the one hand, we know that filtering will reduce power; on
the other hand, reducing the number of regressors implies increased power. Which of the two effects
will dominate depends on the specific situation.

¢ Although, strictly speaking, one should correct for degrees of freedom lost due to filtering.
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the analytically tractable simple case of the QD(0) statistic, we focus first on
a Monte Carlo design tailored towards the theoretical developments. There-
after, we broaden the scope of the analysis by investigating cases which were not
covered by the analytic local asymptotic developments. Moreover, we investi-
gate, even in the simple case, not only the QD(0) statistic but also the QD%
supW r, supLRy, supW ¥, and sup LR} statistics as well. To conduct our first
experiments, a data series of normally distributed N(0, 1) white noise was
generated under the null hypothesis and a white noise process around a level
shift under the alternative hypothesis. Such a design suits all classes of tests.
Similar to the previous section, we distinguish data with and without seasonal
means. Three scenarios were again considered when seasonal mean shifts were
present in the data. Table 3 summarizes the results. The values of J are the same
as in Table 2. All tests now apply to cases where the breakpoint is assumed
unknown and T, = 50 with a sample size of 100.

We observe in Table 3 that in some cases minor size distortions appear due to
filtering. This finding is in line with the asymptotic size distortions found in
Section 4.2. We also observe that filtering may yield more powerful tests, yet
taking into account the size distortions [see, for instance, @D (0), filtered and
unfiltered with seasonals] such increases in power are not very meaningful. For
the QD statistic and the supW and supLR statistics, we also obtain a power loss
due to filtering, though the loss is not as significant as in Table 2. It should also
be observed that, when seasonals are present, it is advisable to include seasonal
dummies instead of long lag expansions like k = 12. The use of the latter greatly
reduces the power of the QD (0) statistics compared to QD3(0), for instance. It
should also be noted that the supW and supLR appear to be slightly less
powerful than the tests for a change in a polynomial trend function. This may
not be surprising, because the Monte Carlo design is specifically tailored to
investigate QD-type statistics. Overall, we may conclude that we find a negative
effect of filtering on power, though not as pronounced as in Table 2. As Table
3 covered the situation of a mid-sample break, it is not surprising, given the
asymptotic results of Table 1 that filtering has a negligible impact on power.
According to the computations based on asymptotic local power approximation
we should find more impact of filtering in cases like T, =20 and T, = 80.
Though the simulation results using a sample of 7" = 100 do not display clearly
such filtering effects, they hold in larger samples. For instance, with T = 200 and
T, = 40 the size corrected power was 8% higher with unfiltered series compared
to filtered ones. With T, = 160, using filtered series resulted in tests with 13%
more power. These latter figures show the relevance of the qualitative results
concerning the direction of the bias in the power function described in Section
4.2,

It was conjectured that the analytic asymptotic results, restricted to simple
cases, would probably carry over to more complicated situations. We now
consider a Monte Carlo design where the DGP is an AR(1) model, instead of
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Fig. 2a. Size QD(0), k =1, Fig. 2b. Size-corrected power;
unfiltered (——) and filtered (- --). difference unfiltered vs filtered.

white noise, with or without a break in intercept at T, = 50. To simplify the
presentation, we focus exclusively on the QD(0) statistic with k = 1 for an AR(1)
with & = 0.0, 0.1, 0.2, ...,0.9. The size of the jump § is set equal to 1. The results
are reported in Figs. 2a and 2b. The first covers size and reveals that filtering
induces size distortions which diminish, relative to the unfiltered case, as a in-
creases towards 1. The next figure covers the difference in size-corrected power,
unfiltered versus filtered. Here, we clearly see a remarkable and devastating effect
on power produced by filtering data when values of « are in the range of 0.4 and
0.8. Indeed, up to almost 30% power is lost because of filtering. Hence, witha = 0
and T, = 50, we found little effect on filtering (cf. Table 1 and Table 3). In contrast,
with AR(1) stationary models, we find quite strong filtering effects. Size distortions
occur as well because of filtering, although they taper off as « increases.

6. Empirical examples

We now turn our attention to empirical examples, demonstrating the effect of
filtering in practical applications. The examples relate to tests for unit roots
discussed in Section 3.1. We analyze a set of monthly historical time series



90 E. Ghysels, P. Perron/Journal of Econometrics 70 (1996) 69-97

400

350

300

250 A

100 1

50 1

0 T T T T 7T T T T T T P T T T T T T T3 T 3 T T v 7T 1T T Tl i F i T T rr1

1884 1883 1884 1899 1904 1809 1914 1918 1824 1829 1834 1333

Fig. 3a. Monthly index of industrial production, 1884:1-1940: 12.

measuring economic activity before WWIIL. More specifically, we consider an
index of aggregate industrial production and an index of pig iron production
both covering the period 1884:1-1940:12. The data are described in more detail
in Miron and Romer (1990). This monthly data set covers a long span which is
particularly desirable when testing for unit roots (see Perron, 1991a). From the
monthly series, we also constructed quarterly indices covering 1884:Q1—
1939: Q4. Figs. 3a and 3b display plots of the monthly series.

Table 4 contains empirical results for the quarterly and monthly IP series. For
each series, three regressions were applied, namely two involving unadjusted
data, once with and once without seasonal dummies.

In the sequential procedure to select the autoregressive order, we considered
kmax = 12 for the monthly data and k., = 10 for the quarterly series. In Table 4,
we present tests for the unit root hypothesis using models 2 and 3, denoted t*(2)
and ¢ (3) respectively.'® Perhaps the most straightforward example in Table 4 is

'°Tt has been assumed that the data generating process had not unit roots at some of the seasonal
frequencies. A comment is in order, though, before turning to the empirical results. For the IP series,
there are reasons to believe that there might very well be unit roots at seasonal frequencies. Although
we will not provide a formal proof here, we can extend the arguments in Ghysels et al. (1994) to show
that Dickey—Fuller type tests can still be used to test for a unit root at the zero frequency to the
extent that the autoregression is appropriately augmented.
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Fig. 3b. Monthly index of pig iron production, 1884:1-1940:12.

Industrial Production sampled at a monthly frequency as all model and data
configurations agree on a rejection of the unit root hypothesis. The results with
the other data sets and regression specifications are ambiguous and hence more
interesting for our purpose.

Let us first discuss the quarterly IP series. While there is agreement among the
results for model 3, there is a striking difference between using SA versus NSA
series with the test statistic ¢*(2). With NSA data and seasonal dummies, there is
strong evidence against the unit root null hypothesis. With seasonally adjusted
series, one cannot reject the null. We know from the theoretical discussions and
the simulations that filtering entails a loss in power, to which nonrejection of the
null with filtered series can be attributed. Yet, also using NSA data with
a correction via an AR argumentation instead of using seasonal dummies also
favors the null. It is important to note, however, that the AR augmentation
involves ten lags, hence more coefficients than in the regression with seasonal
dummies and its four-lag AR expansion. This comparison of both tests using
NSA data tells us that the seasonal dummy scenario is probably the most
striking. With quarterly Pig Iron production, we also find disagreement among
the tests, this time for both models. Now, the scenario involving NSA data and
the use of AR augmentations yields rejection. Note, however, that the AR
expansions are more parsimonious and clearly should lead to the most powerful



92 E. Ghysels, P. Perron/Journal of Econometrics 70 (1996) 69-97

Table 4
Empirical results — Historical time series evidence on unit roots against breaking trend alternatives
using t¥(2) and 1}(3) test statistics

Seasonally unadjusted (NSA) versus adjusted (SA) data
Model NSA/SA Seas. dummies Kmax k T, p-value

Quarterly index of industrial production 1884 : 1 - 1940 : 4

2 NSA Yes 10 4 1931:3 0.00
NSA No 10 10 1931:3 0.38
SA No 10 8 1931:3 0.30

3 NSA Yes 10 7 1925:2 0.35
NSA No 10 7 1925:2 0.36
SA No 10 7 1925:3 0.41

Quarterly index of pig iron production 1884 :1 - 1940: 4

2 NSA Yes 10 3 1920:4 0.27
NSA No 10 3 1930:1 0.02
SA No 10 8 1930:2 0.76

3 NSA Yes 10 9 1914:1 0.41
NSA No 10 3 1914:3 0.03
SA No 10 8 1914:2 0.74

Monthly index of industrial production 1884 :1 — 1940: 12

2 NSA Yes 12 12 1931:11 0.00
NSA No 12 12 1931:11 0.00
SA No 12 11 1931:11 0.00

3 NSA Yes 12 12 1925:5 0.01
NSA No 12 12 1925:5 0.02
SA No 12 11 1925:11 0.00

Monthly index of pig iron production 1884 :1 - 1940 : 12

2 NSA Yes 12 12 1930:7 0.13
NSA No 12 12 1930:4 0.08
SA No 12 1 1930:7 0.06

3 NSA Yes 12 12 1914:6 0.15
NSA No 12 12 1914:8 0.11
SA No 12 11 1914:6 0.09

T, represents the estimated break point, k., is the maximal lag in the selection procedure, and k is
the selected order of the autoregression.

tests. This empirical example, like the former one, underlines the conclusions
obtained from the theoretical developments and simulations. Indeed, filtering
with X-11 has a strong effect in this case on the power of the tests, particularly
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when they also involve long AR expansions. The last remaining case is that of
monthly Pig Iron series. Here, there do not appear to be significant differences
between the tests.

Appendix

In this appendix, we derive the asymptotic distribution of T(&/ — 1). Let
)7{ be the residuals from a projection of y,f on{l,t,DT¥} (t=1,...,T). Note
first that, combining (4.4) and (4.5), we have

v =2/ it t<T,—m,
=yt —-TY+Z if t=T,-m,
=yx,,,_,+Z,f if To—m<t<T,+m
Straightforward algebra yields (see Perron and Vogelsang, 1993)

W=yl =V —(t = Def + ¥l t< Ty,

Ji=y -V -] —(—-Ty,— ], t>T,, (A.1)
where ¥/ =T 'y" y/, t=T7 'S 1, *=T 'YI ™t The variables
c] and ¢ are defined by [cf,c]]=W'W) 'W'(Y/—Y'), where
Y/ = (ylf, ,y%) and

— ¥

1 —*

T—t T—T,—*

The expressions for the level of y; are somewhat cumbersome. Tedious algebra
[using, in particular, the fact that the detrended variables are invariant to y
except for values of t in the interval (T, — m <t < T, + m)] yields

W=zl —Z7 —(t = D)y + ey, t<Ty—m,
_]7,[=Z,f—zf—(l‘—f_)('3+t_*C4+me.ls Tb—m<[<Tb’
W=zl -Z" —(~0)es —(t = Ty — ¥)ca + Vmt» To<t<Tp+m,

W=z -2t —D)eys —(t = Ty — 1%)cas t2T,+m,
(A.2)
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where Z/ =T-'yT ,Z/, and the variables c¢; and c, are defined by
[cs, ca] = (W W) W' (Z' — Z'), where Z' = (Z{, ..., Z%). Using (A.2), the
first-differences are

¥ =i =n—c, t<T,—m,
=1 — C3 + Vm.t> t=T,—m+1,
=1, —C3+ Y(me = Lme—1); To—m+1<t<T,,

=1, —(c3+ ca) + Yms — Ame-1), To<t<Tp+m, (A3)
=n—(c3+Ca) = Vimi-1> t=T,+m+ 1,
=7h—(C3+C4), t>T,,+m+1

Consider the numerator of T (&' — 1). We have

Zl,—Z —(t—1—Dea)n,

™M~

T
Ty 3G —5ln=T""
t=2

t=2

T, T
+ T D (t*ean) + T~ Y (1 —1—=Ty)ean,
2 T,+1
To+m—1
+ T Y Vma-1te + 0p(1), (A4)

Ty—m+1
where the terms subsumed under 0,(1) correspond to some elements associated

with the observations at t =T, —m+ 1 and t = T, + m + 1. We note the
following asymptotic results: T~ 't=1/2, T~ 't*=(1 — 4)*/2, and under the
null hypothesis of a unit root, T ~12Z/ =g, [ w(r)dr, T'?¢c;=> — 6,/3/gs,
and T'2c, = — a,4/gs With gg, Y3, ¥4 as defined in Perron (1989, Thm. 2),
and 0?2 = limy_ T~ 'E[S%,] with Sg, =Y/ 7. Consider the last term in
(A.4), we have

Ty+m—1 To+m
T™! Z YEm 1M = T! Z PAm, e e+ 1
Ty—m+1 Ty—m+2
Ty +m t
=T"' ) Yoo @+l =iy mimer (AS)
Tp,—m+2 i=T,—m+1
2m—1
=T! Z ZJVm+i+1’1T,—m+i+1-
i=1i=0

The whole expression converges to zero as T — oo . Hence, the limit of (A.4) is
given by the limit of the first three terms and using results in Perron and
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Vogelsang (1993), we have

T 1
Z }7: —,Vz 1)=>0r,{HB/gB (¢4/98)ij(r)dr}

1

=0 {IWB(I' dW(r)+5+ l//4/gy _f )dr}, (A6)
A
where & = (62 — s2)/207 with s = lim;_, T 'S/ E(#7). Also wg(r) is the
residual from a continuous-time projection of the Wiener process W (r) on the
function {1,r,dr*(1)} with dr*()) =r — 4 if r > 4 and O otherwise. Similar
arguments hold for the denominator of T(4/ —1) and we have
T2y 5 1 =07 Ks/gs = o;§gws(r) dr.

Proof of (4.16). We first note that

v = v(Lyy = v(L)e, t<T,—
=(6//T) + v(L)e, t>T,+m,
= O/ TWmi+v(L)e, Ty—m<t<T,+m,
where {/,, , = Yi=Ty-m+1VT,+1-i» and we note at the outset the limiting result
[(Tr]—Th+m [Tr) = To+m

Y1) = Z Vmer—i=T ! z Tv([m+1-i]/T)

1=1 i=1
r—A+x

= | vk—s)ds as T - o0, (A7)
0

for 4 — k <r < 4 + k. Using this result and the fact that T~ ”ZZ[J.T:’]l v(L)e, =
W (r) [since v(1) = 1] and

o [7r] -~ j—4
T y m.-:f[fv(—-sds]d],

j=Ty~m+1
we obtain
[(Tr]
‘”ZZy,=>oW() F<i—K,
ji=1

A-xkL -k

r j—A4
=g W)+ | [j' v(—s)dstj, A—Kk<r<i+xk,

Atkfj-4
=0, W(r)+9 | [ { v(—s)ds]

A=k —x

+ofr— A —«l, r>4+K. (A.8)
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Using (A.8), the numerator of QD%(0) has the following limit:

-1 t 2
T-2% [ S Yf)}
1

t=1

- K K

;r{%[wm (1)) »«ralfx[j}lv( —s)ds]dj el —d— K)}zdr
0 A

+ AEK{GEEW(r)—rW(I)] + 6 j [j?v( - s)ds}ij

A-x -

- rélr[jrv( - s)ds] dj—ré(1 — 4 — x)}zdr
A=kl —x

1 At i—2
+ {GE[W(P‘)—?W(I)} +(1 =16 [ ] v(——s)ds}dj

A+x A-KL —K
2
— A —K)(1 = r)} dr. (A9)

Note that the denominator of @D¢(0) has the following limit:
8% > yo?. (A.10)

The result (4.16) follows after some manipulations combining (A.9) and (A.10)
and considering again the case where J is large.

References

Andrews, D.W.K., 1993, Tests for parameter instability and structural change with unknown change
point, Econometrica 61, 821-856.

Banerjee, A., R.L. Lumsdaine, and J.H. Stock, 1992, Recursive and sequential tests of the unit-root
and trend-break hypotheses: Theory and international evidence, Journal of Business and
Economic Statistics 10, 271-288.

Bell, WR,, 1992, On some properties of X-11 symmetric linear filters, Unpublished document
(Statistical Research Division, U.S. Bureau of the Census, Washington, DC).

Canova, F. and E. Ghysels, 1994, Changes in seasonals: Are they cyclical?, Journal of Economic
Dynamics and Control 18, 1143-1171.

Christiano, L.J., 1992, Searching for breaks in GNP, Journal of Business and Economic Statistics 10,
237-250.

Dickey, D.A. and W.A. Fuller, 1979, Distribution of the estimators for autoregressive time series
with a unit root, Journal of the American Statistical Association 74, 427-431.

Fuller, W.A, 1976, Introduction to statistical time series (Wiley, New York, NY).

Gardner, L.A., 1969, On detecting changes in the mean of normal variates, Annals of Mathematical
Statistics 40, 116-126.

Ghysels, E., 1990, On seasonal asymmetries and their implication on deterministic and stochastic
models of seasonality, Mimeo. (C.R.D.E., Université de Montréal, Montréal).

Ghysels, E. and P. Perron, 1993, The effect of seasonal adjustment filters on tests for a unit root,
Journal of Econometrics 55, 59-99.



E. Ghysels, P. Perron]Journal of Econometrics 70 (1996} 69-97 97

Ghysels, E, CW.}J. Granger, and P. Siklos, 1995, Is seasonal adjustment a linear or nonlinear
data-filtering process?, Journal of Business and Economic Statistics, forthcoming.

Ghysels, E., HS. Lee, and J. Noh, 1994, Testing for unit roots in seasonal time series — Some
theoretical extensions and Monte Carlo investigation, Journal of Econometrics 62, 415-442.

Granger, C.W.J., 1978, Seasonality: Causation, interpretation and implications, in: A. Zeliner, ed..
Seasonal analysis of economic time series (Department of Commerce, Washington, DC).

Hylleberg, S., 1986, Seasonality in regression (Academic Press, New York, NY).

Hylleberg, S., C. Jorgenson, and N.K. Sorensen, 1993, Seasonality in macroeconomic time series,
Empirical Economics 18, 321-335.

Hylleberg, S., R.F. Engle, C.W.J. Granger, and B.S. Yoo, 1990, Seasonal integration and cointegra-
tion, Journal of Econometrics 44, 215-238.

MacNeill, LB, 1978, Properties of sequences of partial sums of polynomial regression residuals with
applications to tests for change of regression at unknown time, Annals of Statistics 6, 422-433,

Miron, J.LA. and C. Romer, 1990, A new monthly index of industrial production, Journal of
Economic History 50, 321-338.

Newey, W.K. and K.D. West, 1987, A simple. positive semi-definite heteroskedasticity and autocor-
relation consistent covariance matrix, Econometrica 55, 703-708.

Ng. S. and P. Perron, 1995, Unit root tests in autoregressive-moving average models with data
dependent methods for the selection of the truncation lag, Journal of the American Statistical
Association 90, 268-281.

Perron, P., 1989, The great crash, the oil price shock and the unit root hypothesis, Econometrica 57,
1361-1401.

Perron, P., 1991a, Test consistency with varying sampling frequency, Econometric Theory 7.
341-368.

Perron, P, 1991b, A test for changes in a polynomial trend function for a dynamic time series,
Discussion paper (C.R.D.E., Université de Montréal, Montréal).

Perron, P., 1994, Trend, unit root and structural change in macroeconomic time series, in: B.B. Rao,
ed., Cointegration for the applied economists (Macmillan, New York, NY) 113-146.

Perron, P. and T.J. Vogelsang, 1992, Nonstationarity and level shifts with an application to
purchasing power parity, Journal of Business and Economic Statistics 10, 301-320.

Perron, P. and T.J. Vogelsang, 1993, A note on the asymptotic distributions of unit root tests in the
additive outlier model with breaks, Revista de Econometrica 13, 181-201.

Said, S.E. and D.A. Dickey, 1984, Testing for unit roots in autoregressive-moving average models of
unknown order, Biometrika 71, 599-608.

Zivot, E.and D.W.K. Andrews, 1992, Further evidence on the great crash, the oil price shock and the
unit root hypothesis, Journal of Business and Economic Statistics 10, 251-270.



