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We consider the change point problem in a general class of distributions, and derive
a test statistic T, which reduces to the statistic obtained by Kander and Zacks
(1966) for the exponential family. Properties of the test, including its asymptotic
distribution, are discussed.
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1. Introduction

Change point problems are concerned with inferences about an unknown parameter
m, such that given a sequence of independent random variables X, X,, ..., X,,
which are distributed according to {F,, 0 € ®}, the first m observations come
from a distribution F, and the remaining n — m observations come from another
distribution F, with F, # F,. The change point problem arises in various areas,
such as industrial quality control, medicine, epidemiology, and economics under
other names such as Surveillance, Statistical Process Control, and Monitoring;
see Wessman (1998).

There are various techniques for making inferences about m: see, e.g., Chernoff
and Zacks (1964), Kander and Zacks (1966), Hinkely (1970), Broemeling (1974),
Smith (1975), Henderson (1986), Brodsky and Darkhovsky (1993), Broemeling and
Gregurich (1996), and Csorgo and Horvath (1997).

In this article, we derive a test statistic 7, for the presence of a change point in a
general class of distributions, which reduces to the test statistic obtained by Kander
and Zacks (1966) in the case of one parameter exponential family.
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2. Main Results

Suppose that X, X,,...,X, are independent random variables from a one
parameter family with density function f,(-) with 0 € @. We are interested in testing
the null hypothesis that X,, X,, ..., X, are iid from f; (with 0, known), against
the alternative hypothesis that at some unknown point m a change occurs in

parameter 0, i.e., for some m € {1,2,...,n—1}, X, X,, ..., X,, are iid from fo, and
Xopsts - - -» X, are iid from f, (with 0, = 0, + 6, where 6 is an unknown positive real
number).

To derive the test statistic and study its properties, the following mild regularity
conditions are assumed:
(1) For every valug: x, the derivative 8% log fp(x) exists for every 0 e O, and
Eg | £ log fy(X)|" < o0, so that I(6,) = Var, [ £ log f,(x)] exists.
(ii) For any function /(-) with Ey|h(X)| < oo, & [ h(x)fy(x)dx = [ h(x)%fg(x)dx.

Following Kander and Zacks (1966), we derive a test statistic using a quasi-
Bayesian approach by considering the point of change m as a realization of a
random variable M, with a uniform prior density n(m) = m=1,2,...,n—1.

The marginal likelihood of the sample under H, is

n— l’

n—l

T exp{ 3 log i (5) + S log fy sl )}

m=1 i=m+1

Since % log f,(x) exists for every x and 0, we have

0
log fo,5(xi) = log fy, (x;) + 075108 fy(x) gy, + 0(0), as 6 0.

So the marginal likelihood under H, is
‘ o X . 0
[T G {1+ = 326 = D5 log fy()li—g, + () {, a5 6 0.
i=1 i=1

Since the likelihood under H, is [T, fy, (x;), the likelihood ratio (LR) is

0
20 log fy(x:)|g=g, + 0(6), asdé— 0,

a n
IR=1+— — 1
+—— ;(z )
and the null hypothesis H, is rejected whenever the likelihood ratio is large. So as
0 — 0, H, is rejected whenever

n . a
T,= Z(l - 1)% Inga(xi)|0:04,»
i=1

is larger than a suitably chosen value. We propose to use T, as our test statistic.
It is easily verified that, in the special case of exponential family, 7, reduces to the
statistic proposed by Kander and Zacks (1966).

It can be shown, as in Kander and Zacks (1966), that the test procedure based
on T, for testing H, is locally most powerful (see Habibi et al., 2004).
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The exact distribution of 7, can be found in some special cases. Using the
results of Chernoff and Zacks (1964) and Kander and Zacks (1966), the exact
distribution of 7T, is easily obtained in the case of normal, exponential, and binomial
distributions. The exact distribution of 7, can also be found in the logistic case
(see Habibi et al., 2004). However, since the exact distribution of T, is very
complicated in many cases, we derive its asymptotic distribution.

Proposition 2.1. Assuming regularity conditions (1) and (i), under the null hypothesis,
we have

1, (0, 10),

where 1(0,) is the Fisher information at 0.

Proof. Under the regularity conditions we have E, (T,) =0 and Var,(T,) =
WI(QO). Now write T, =" ,(i—1)Z, where Z, = Zlog f,)(X))lsy,,

n
max;, (j—=1)*

S G-1)?
4 N(0, 1) (see

i=1,2,...,n, which are iid under the null hypothesis. Since -0

= P

as n — oo and E, (T,)=0, we conclude that under H,, N

Ferguson, 1996, p. 34), and using the Slutsky theorem, we have n=' T, AN (0, 1),

The rate of convergence is considered in the following proposition; cf. Kander
and Zacks (1966).

Proposition 2.2. Under conditions of Proposition 2.1, we have, for every x
|F,(x) — ®(x)| = O(n%l) as n — oo,

where F,(-) is the distribution function of standardized variable \/VT—”_(T) and ®(-) is
argy Uy

the distribution function of the standard normal.

Proof. As in the proof of Proposition 2.1, T, = Y_" | ¥;, where ¥; = (i — 1)Z,. It can
be shown (see Feller, 1965, p. 544) that

X Bl

( pI 0'52)

, —00 <X < 400,

|F.(x) — ®(x)| < 6

Pl

where o7 denotes the variance of Y; and F, is the distribution function of

S Y /(2 62) . But

" ElY L= 1)°E,|Z,) -
Y E|Y] _ Yini( ) Eg, |2, =0(n7), asn— oo,

(Sial) (S = D2Var, (2)]

Nlw

(since Z;s are iid), and the result follows.
Simulation results (see Habibi et al., 2004) confirm that the normal
approximation is satisfactory.
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It can be shown that under the additional regularity condition:

3
< 00,

0
v Inge(an+1)

Ey, o0

0=0,

the asymptotic distribution of T, under the alternative hypothesis is given by

T, —>" E(Y,
n Zt:m+l ( z) —d)N(O, 1)’
>y Var(Y))

where YV, = (i — 1)Z, with Z, = %logfe(Xi)b:%, and the rate of convergence is

1

O(n7) (see Habibi et al., 2004).

References

Brodsky, B. E., Darkhovsky, B. S. (1993). Nonparametric Methods in Change Point Problems.
Dordrecht, The Netherlands: Kluwer Academic Press.

Broemeling, L. D. (1974). Bayesian inferences about a changing sequence of random
variables. Commun. Statist. Theor. Meth. 3:243-255.

Broemeling, L. D., Gregurich, M. A. (1996). On a Bayesian approach for the shiftpoint
problem. Commun. Statist. Theor. Meth. 25:2267-2279.

Chernoff, H., Zacks, S. (1964). Estimating the current mean of a normal distribution which
is subjected to changes in time. Ann. Math. Statist. 35:999-1018.

Csorgo, M., Horvath, L. (1997). Limit Theorems in Change-Point Analysis. New York: Wiley
& Sons.

Feller, W. (1965). An Introduction to Probability and Its Applications. Vol. 2. New York: Wiley
& Sons.

Ferguson, S. T. (1996). A Course in Large Sample Theory. London: Chapman & Hall.

Habibi, R., Sadooghi-Alvandi, S. M., Nematollahi, A. R. (2004). Change point detection
in a general class of distributions. Technical Report. Department of Statistics, Shiraz
University.

Henderson, R. (1986). Change point problem with correlated observations, with an
application in material accountancy. Technometrics 28:381-389.

Hinkely, D. V. (1970). Inference about the change point in a sequence of random variables.
Biometrika 57:1-16.

Kander, Z., Zacks, S. (1966). Test procedure for possible changes in parameter of statistical
distributions occurring at unknown time points. Ann. Math. Statist. 37:1196-1210.

Smith, A. F. M. (1975). A Bayesian approach to inference about change point in a sequence
random variable. Biometrika 62:407-416.

Wessman, P. (1998). Some principles for surveillance adopted for multivariate processes with
a common change point. Commun. Statist. Theor. Meth. 27(5):1143-1161.



Copyright of Communications in Statistics: Theory & Methods is the property of Marcel
Dekker Inc.. The copyright in an individual article may be maintained by the author in
certain cases. Content may not be copied or emailed to multiple sites or posted to a
listserv without the copyright holder's express written permission. However, users may
print, download, or email articles for individual use.



