Testing a Sequence of Observationsfor a Shift in Location
Douglas M. Hawkins

Journal of the American Satistical Association, Vol. 72, No. 357. (Mar., 1977), pp. 180-186.

Stable URL:
http:/links.jstor.org/sici ?sici=0162-1459%28197703%2972%3A 357%3C180%3ATA SOOF%3E2.0.CO%3B2-O

Journal of the American Statistical Association is currently published by American Statistical Association.

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journal S/astata.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archiveisatrusted digita repository providing for long-term preservation and access to |eading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It isan initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Tue Apr 1 17:31:52 2008


http://links.jstor.org/sici?sici=0162-1459%28197703%2972%3A357%3C180%3ATASOOF%3E2.0.CO%3B2-O
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/astata.html

Testing a Sequence of Observations

DOUGLAS M. HAWKINS*

for a Shift in Location

A possible alternative to the hypothesis that the sequence Xi, X,
...y Xp are iid N(£, 0% random variables is that at some unknown
instant the expectation ¢ shifts. The likelihood ratio test for the
alternative of a location shift is studied and its distribution under
the null hypothesis found. Tables of standard fractiles are given,
along with asymptotic results.

KEY WORDS: Segmentation; Location shift; Testing for change-
point.

1. INTRODUCTION

Suppose that X, X,, ..., X, is a sequence of obser-
vations ordered in time. It may be reasonable to model
the X, by

X.=¢tt)+e, t=1,...,n,
where
EQ) =&, t<061,
=&, 61<t<b,,

=t , 0,4, <t. (1.1)

The 6; are parameters representing the epochs at which
shifts in the location parameters £; occur, and the e; are
independent errors. It is assumed that the 6, and &; are
unknown and that r is possibly also unknown. There are
two important inferential problems arising from this
model : inference.on the values of the 6; and £;, and testing
hypotheses about r, the number of segments present in
the data. ‘

Most papers on these problems have assumed that the
error terms e; are normal with mean 0 and variance o
(this will be abbreviated e¢; ~ N (0, ¢2)). This model will
also be assumed in this paper, and attention confined
to literature on this model.

Chernoff and Zacks [2] study the problem of estimat-
ing the most recent mean ¢,. The model is a Bayesian one
in which a normal prior distribution is assigned to &,
and it is shown that the Bayes estimator is, in general,
nonlinear. A tentative estimator for ; in the case r = 2
is also given. This Bayesian approach is taken further
by Gardner [7].-

A classical approach to the estimation of 6, for the
case r = 2 is given in Hinkley [8]. The distribution of
the maximum likelihood estimator of 8; is derived and
used for setting up confidence intervals. This paper is
closely related to Hinkley’s, in that we shall be concerned

* Douglas M. Hawkins is Professor of Statistics, University of the Witwatersrand,
Johannesburg, 2001 South Africa. The author is grateful to the editors and referee
for suggesting a number of improvements.
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with the testing problem which mirrors his estimation
problem.

A test for whether a change has occurred is given in
Page [10]. The test statistic is a cusum of (X; — §)
where ¢ is the supposed mean, and its is assumed that
o is known. This test is not dependent on the actual
number of segments being specified, but is not efficient
if it is known that the number of segments has one of two
prespecified values. Chernoff and Zacks [2], under the
Bayesian model mentioned earlier, show that an ap-
proximate test for the presence of two segments is based
on >;: (¢t — 1)(X; — &) if & is known, and X, (¢ — 1)
-(X; — X) if & is unknown, X being the mean of all n
observations. Their assumption that the sign of & — &
is known is relaxed by Gardner [7], who obtains a
quadratic test statistic. ‘

This paper is concerned with the classical test of the
null hypothesis that a single segment is present against
the alternative hypothesis that two segments are present.
The likelihood ratio test will be given and its distribution
under the null hypothesis derived.

Bayesian models will not be considered further in this
paper, except to note that Sen and Srivastava [13, 14],
in comparing the relative powers of the Bayesian pro-
cedure and the classical likelihood ratio test, showed the
latter to have superior power when the two segments are
of disparate lengths.

2. THE LIKELIHOOD RATIO TEST STATISTICS
Let

>~ Xj/n—k), 1<k<mn,

J=kt1

k
X=X Xk, XV =
j=1

k n
8= X; - X+ T X;— X,
j=1 j=k41
and write X for X,, S for S,.

We consider the hypotheses
HoIXi'\/N(El,G’z), ’I;=1,..
HIZX,"\'N(&,G'2), 1:=].,...,01,

NN(‘E?)GZ); i=01+1)"';n)

with 63, &, and & unknown (& # &).

5N,
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Testing for a Change-Point

Two cases may be -distinguished: ¢ known and o
unknown. If ¢ is known, then the only unknown param-
eter under H, is £, and its maximum likelihood estimator
(mLE) is X. Under H, there are three unknown param-
eters. If 6, is fixed at k, then the MLE’s are

gl = Xk )
§2 = Xkl .
The likelihood function is monotonically decreasing in
Si, and so the MLE of 6, is that k* such that Sy is a
minimum, overk =1, ..., n — 1.
Analysis of variance shows that S = S, 4+ E;. where
B = k(X — X2+ (n— B) (X — X)2,

' k=1 ...,n—1,
so the criterion of minimum S; is equivalent to maxi-
mum Ej.

It is then easy to show that
—20? log (likelihood ratio) = S — Si* ,
= Ex = U?, (2.1)
so that Ei+ defines the likelihood ratio test statistic.

If o is unknown, then simple algebra shows that the
likelihood ratio test is based on

S/Sk* = ]. '+‘ Ek*/Sk* = 1 '+‘ W2 y

say ,

say ,
and so is equivalent to

W2 = Ep/Six = Ex+/(S — Epr) . (2.2)

Under H,, for arbitrary k, E./q? follows a x2 distribution
with one degree of freedom. The distribution of Ej+ will
obviously be stochastically larger than o2x,? because of
the maximization over k.

3. THE DISTRIBUTION OF U

The first problem we will consider is the distribution
of U. Since ¢ is assumed to be known we can set it equal
to 1 without loss of generality.

An alternative expression for Ej is

. ‘
E. = n{g X: — X)}/{k(n — k)} .

Now k* yields the maximum of Ej, or equivalently of
vV Ey. Thus

U= \/.Ek* = max |Tk|

1SkS<n-1

where Ti = {n/[k(n — k)]}* Xt (X; — X). A simple
calculation shows that fork =1, ..., n — 1, and m < F,
the correlation between T, and T is

pmi = n/v/{k(n — k)ym(n — m)}

r (X -X] 32

j=1

which simplifies [8] to [m(n — k)/{k(n — m)} ]

(3.1)
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The distribution of U is that of the maximum absolute
value attained by a Gaussian process in discrete time
having zero mean, unit variance, and autocorrelation p.

Lemma 1: The process {T1, Ts, ..., T»_1} is Markovian.
Proof: It suffices to show that if j < m < k, then the

_ partial covariance ¢j., is zero. But this covariance. is

simply
lj(n - k)}* 3 Ij(n — m)m(n — k))} _o
k(n — )
This property of the T process simplifies the distribu-

tional problems connected with U considerably, as is
indicated in Theorem 1. Define

¢(x, a,b) = 1/{b(2m)} exp — }(z — 0)*/V*,
gi(z,s) =1, 28>0,
ge(x,8) = P[|T,| <s,e=1,...,k—1|T, =2] ,
‘ z,s>0.

m(n — jk(n — m)

Theorem 1: The pdf of U is
fo(z) = 2¢(z, 0, 1)H () ,

where H(z) = 3321 gk (2, ©)gns (2, 7).
Proof: Since-U = max; | T%|, it follows that

(3.3)

fo@de = %, P[|Ti| € (@, o + do)

k=1

and | T;| < |T| forall j = k] .

To simplify the expressions that follow, we introduce the
following notation for various events:

A =T € (z, 2+ dz) ,
B=|T;| <|Te|, j=1,...,k—1,
C=|T;| <|Tel, j=k+1,...,n.
Then the summand is PLA N B N CJ. Now
P[A] = 2¢(x, 0, 1)dz + O(dx)
since T, ~ N(0, 1), and
P[B|A] = P[|T;| <z, .
i=1..,k—1||Ti| = 2]+ o(da)

since the events |T%:| < |Tk| and |T;| < z are equiva-
lent to order O(dx) given 4. Thus

P[B|A] = gi(x, x) + O(dz) .

Next, the series T is Markovian, which implies that
given T; the sets {T1, T, ..., Tea} and {Thyy, ..., T}
are independent.

P[C|A N B] = P[C|A] .

Finally, we note that the series obtained by taking the
X, in reverse order is a probabilistic replica of the given
series {Ty, ..., Ta_1}. This implies that P[C|A]
= gni(z, ¥) + O(dz). Combining these results yields the
statement of the theorem.

Before Theorem 1 can be used, an expression for the
gx (2, x) is required. This is given in the following theorem.
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Theorem 2: The functions g, (z, s) satisfy the recursion

gx(z, 8)

~ [ 0, O3, o2, ) + 0y, o3, Iy (3.9)

y=0
where p = pr_1: and 7 = /(1 — p?).
Proof: By definition '
gi(z,8) = P[|Tj| <s,j=1,...,k — 1| |T| = 2]

=/ PLIT;| <s,j=1,...,

k—2l(Tk_1=y)ﬂ (T = 2)] -
dP[Tiy < y||Te| = 2] .

The Markovian nature of the T process implies that the
first of these probabilities is P[|T;| <s, =1, ...,
k — 2|Tv_1 = y]. Then since the distribution of each
T; is symmetric about zero, this simplifies to P[ | T;| < s,
i=1...,k— 2| | Tvo1| = |y|] which isjust gr_1(|y], 8).

Next we note that by this same symmetry it may be
assumed that 7% = z, and hence that the conditional
density of Ty_; is N (pz, 7). Thus,

P[Tia € (4, y + dy) | |Tu| = ]
= ¢(y, px, 7)dy + o(dy) .
Finally, gathering these results yields
gk(x; 8) =/

Y=—

ge—1(ly|, 8)¢(y, pz, 7)dy

= / ’ ge—1(y, (o, pz, 7) + ¢y, —px, ) 1dy .
y=0

Tables of gi(x, s), H(zx), and the cumulative distri-
bution function of T+ have been computed using
Theorems 1 and 2 and a number of representative fractiles
are listed in part a of Table 1.

1. Fractiles and Their Bonferroni Approximates?

o
n N
.10 .05 .01

a. Fractiles of U
4 2.06 (2.13) 2.35 (2.39)- 291 (2.94)
5 2.15 (2.24) 2.43 (2.50) . 2.99 (3.02)
10 2.38 (2.54) 2.65 (2.77) 3.19 (3.26)
15 2.49 (2.69) 2.75 (2.91) 3.29 (3.38)
20 2.55 (2.79) 2.82 (3.01) 3.35 (3.47)
30 2.64 (2.92) 2.90 (3.13) 3.44 (3.58)
50 2.73 (3.09) 2.98 (3.28) 3.50 (3.71)

b. Fractiles of W
4 4.03 (5.34) 5.62 (7.65) 10.16 (17.28)
5 3.44 (4.18) 4.49 (5.39) 7.68 (9.56)
10 2.88 (3.28) 3.38 (3.76) 4.58 (4.96)
15 2.82 (3.19) 3.22 (3.55) 412 (4.40)
20 2.81(3.20) .3.17 (3.49) 3.95 (4.21)
30 2.82 (3.20) 3.14 (3.47) 3.82 (4.07)
50 2.85 (3.26) 3.14 (3.50) 3.75 (4.02)

2 The Bonferroni approximates are in parentheses.
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Conservative tests of Ho may also be made using
Bonferroni’s inequalities since -

P[ Jnax [Tk| > c] < (n— 1)P[|T:| > ¢]
e = 2(n — Da(=0) ,

where ® is the standard normal distribution function.
Thus a conservative level a test of Hy may be based on
the upper «/(2n — 2) fractile of the standard normal
distribution. These approximations are listed in Table
1 next to the exact values. As one would expect, the
approximation is best when n and « are small, but even
in the worst case the error is moderate.

The form of the extreme fractiles may be deduced
from Theorems 1 and 2 by noting that given T, = z,
Tw ~ N(pmsx, 1 — pmi?) for m < k. Thus

P[T, <z|Tv = 2] = o[z — pw)/vV (1 — pmi?)]
= @[x{(l - Pmk)/(]- + Pmk)}%:l

and so P[|Tn| < z|Tw = z]—1 as x > . From this
fact, it is a short step to show that asx — o, gi (2, ) — 1,
and so H(z) — (n — 1).

This means that as ¢ — «,

P[U > z] ~2(n — 1)®(—2)

which is the bound -given by the first Bonferroni in-
equality, and suggests that the significance of large U
values may be assessed accurately from the Bonferroni
inequality.

The distribution of k* can also be obtained from
Theorem 1. '

Theorem 3: For k = i, co,n—1
POk = k] = [ 040, 9)gn-s(2, 2)8(0, 0, Do . (3.5)
0

Proof: From Theorem 1,
P[k* = k]

=/0°°dpmm| <2} N UT] < |Talj = )]

= [ 0@, 2)ga-s(@, 2)0(2, 0, Dz .
0

The distribution of k* for n = 50 is listed in Table 2,
which also lists for comparison the distribution of the
location of the maximum of a random walk with in-
dependently and identically distributed increments [6].

2. Distribution of k* for n = 50

Probability of k*
ki
Equation 3.5 Random walk

1- 5 213 .203

6-10 .100 .093
11-15 .073 .076
16-20 .062 .069
21-25 .058 .066
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The latter random variable tends to an arc sine dis-
tribution, and it is of interest to note that k* has a more
extreme concentration near the endpoints of its range.

4. THE DISTRIBUTION OF W

Let us now turn to the situation in which o is unknown.
The likelihood ratio test statistic is Ex+/Sk*. Let us write

Zy = Ti{(n — 2)/(S — T} (4.1)
which may be inverted to give

Now

Ew = (max lTk|)2 y SO Ek*/Sk* = (n - 2)Zk*2 .
k

Since Z; is monotonic in Tk, the likelihood ratio
statistic is equivalent to W = max |Z;|, whose dis-
tributions we now find. :

Theorem 4: The pdf of W is
fw®) = 2£.) / D st/ + Dds , (4.2)

where » = n — 2, f,(f) is a Student’s-t density with
v degrees of freedom, h,(s) is the density of the square
root of a x? variate with v + 1 degrees of freedom, and H
is defined by (3.3).

Proof: Under H, the statistics X and S constitute
complete sufficient statistics for ¢ and o2 Now Z; is a
function of the studentized residuals (X; — X)/+/S and
so is distributed independently of X and S.

Suppose initially that S is fixed at s2. Then

P[W € (¢, t + db)|s]
n—1
=X P[|Z:| € ¢, t + d)[sIPL|Z;] < |Z:|
=t jEk|s, Zy = t]+ O(d) .
Considering the second probability we have given s and
Zy =t that Ty, = ts/+/(n — 2 + t?). But by the mono-
tonicity between Z and T, |Z;| < |Z:| if and only if
|T;| < |T:| so that, say,
P[1Z;| < |Z|j # kls, Z = t]
= PLIT;| < |Telj # k|s, Tk = ts//(n — 2 + )]
= gelts(v + 1)7H, ts(v + 1374}
“Gnifts(v + )74 ts(v + )7

= G’k(s, t) . (43)

Next, we note that Z, is independent of S and follows a
t distribution with » degrees' of freedom. Thus -

PL|Zy| € (4, t + dt)|s] = 2f,(t)dt + o(di)
and so

PIW € (4t + d)|s] = 2.0 n).:.ll Gi(s, t)dt .

k=1

Now mixing this distribution over that of S and using
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the definition of H (z) leads to
P[W € (¢t + di)]

= 2f,(t)[ / i h(s)H {st/ (v + t2)*}ds:|dt + o(dt) . (4.4)

A number of fractiles of this distribution have been
computed, and are listed in part b of Table 1. As in the
case when o is known, a conservative test of H, may be
found via Bonferroni’s inequality applied to the ¢ dis-
tribution with n — 2 degrees of freedom. These approxi-
mates are also listed in Table 1b for comparison.

Table 1b shows that the Bonferroni approximation is
adequate for small n and a, although a study of the
Type 1 error probabilities shows that the approximation
is considerably worse than it is for ¢ known. It seems
that the fractiles for large values of n are approaching
those of Table la.

When H, is rejected in favor of H;, the problem of
estimating 6, &, &, and o arises. The estimation of
these parameters is discussed by Hinkley [8] who shows,
inter alia, that k* = 6; + O(1), and that the estimators
X and X+’ have a bias of order n' as n —w.

Analysis of variance considerations suggest the esti-
mator ¢2'= Si+/(n — 2) for ¢% Since Se,/(n — 2) is an
unbiased estimator, and S+ < So, this estimator is
clearly biased downwards.

From the analysis of variance decompositions

Soe, + Eo, = 8 = Six + Epx

we see that the bias in 62 is — 8[ (Ex+ — Ee,)/(n — 2)],
where & denotes expectation. In this noncentral case,
&(Ew+ — Es,) cannot exceed the corresponding expecta-
tion for the central case, since for any k;,

&(Ex — Eo|Ho) = 8(Bw — Eo|Hy) ,

and by the consistency of k*/n the range of k* values
is narrower in the noncentral case than the central one.
Thus &(Ey — Es,|Ho)/(n — 2) providés an upper bound
for the bias in ¢2. This expectation could be computed
directly from the pdf of U. However, it is indicated next
that U is plausibly (2 loglog n)* + O(1), and hence the
bias in 42 is asymptotically negligible. '

5. ASYMPTOTIC RESULTS

In this section, the behavior of the distribution of U
as n — oo is discussed.

Since U? is defined as —2log (likelihood ratio) one
might anticipate that asymptotically, U? would approach
a xo? distribution. The standard asymptotic theory,
however, assumes that the likelihood function is twice
continuously differentiable in its parameters [9] while
in this case, it is a discontinuous function of 6;, and so
the standard theory cannot be invoked. Quandt [12],
studying a rather similar problem in piecewise regression,
concluded from a.simultation study that the explained
variation, analogous to U2, was stochastically larger than
its imputed x2 distribution.
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In an attempt to understand the asymptotic behavior
of U, we consider a continuous process whose distribu-
tional and autocorrelation structure match those of the
T process. The appropriate process! is a Gaussian process
z(t), 0 <t < 1, having mean 0, variance 1, and auto-
correlation p;; = /[s(1 = t)/{t(1 — s)}]fors < t.

Following the general procedure of Doob [5], which
has been validated by Donsker [47], we define a Brownian
motion {(¢) = ttzx{t/(1 + ¢)}, 0 < ¢t < o, and note that
the event [z(t)| < X for all tE (0, 1) is equivalent to
[£@)] < M/tforalltE (0, o).

Now Khintchine’s law of the iterated logarithm (e.g.,
[15, p. 622]) states that with probability 1 for any ¢ < 0

a Brownian motion exceeds (1 + €){2tlog|logt|}? at’

least once in every neighborhood of 0 and «. Now
log|log t| is unbounded at 0 and «, and so with proba-
bility 1, for any A\, however large, |z ()| will exceed \ at
least once in every neighborhood of 0 and 1.

Thus as n —w©, U —w with probability 1. In this
sense, U does not have an asymptotic distribution,
though it may have an extreme value distribution which
depends on n. ’

The discussion relating z(f) to a Brownian motion
suggests (and this will be verified) that as n — o, the
location of the maximum k*/n tends to either O or 1.
This leads to the following approach for studying the
dependence of the distributions of U and k* on n.

Let the stochastic process z(f) be observed at M — 1
instants ¢, = ¢/M =1, 2, ..., M — 1), where it is
assumed that M is large. Augment this partial realization
by Y11, Y1, ..., Yix which are values of z(f) at spacings
halfway between the original ¢;. Thus Y, corresponds to
a time (27 — 1)/(2M). Then halve this mesh again,
and let the z(f) values at the new mesh points be ¥y,
Yss, ..., Ysau. Repeat this halving process in total L
times, finally observing Y, Y1, ..., Yi; where
J =201,

From the construction of the Y,; it can be seen that
Y,; is observed at time ¢{'= 2-¢(25 — 1)/M and so the
aggregate of the M — 1x(¢) values and the M (2L — 1)Y;
makes up a realization of M2% — 1 points sampled from
the z(t) process at a spacing of (2LM)~. In view of this
equal spacing, this aggregate may be regarded as the set
of T resulting from a series of length n = 2EM. Thus the
statistic U is distributed like the maximum of the
M — 1|z(t)| and n — M|Yy|, and k*/n is distributed
like the location ¢ at which this maximum occurs.

Since Y; corresponds to a time ¢ = 2-¢(25 — 1)/M, it
follows that Y,; and Yi; are N(0, 1) with a correlation
equal to the smaller of

2-i(25 — 1) M — 27%(21 — 1)}
[2—k(2z — 1) M — 2725 ~ 1)]

and its inverse. This shows that pairs of diagonal sub-

1 The referee has pointed out that this statement, while surely correct, does not
seem to be proved in the literature. It should thus be regarded as an heuristic. The
major result derived from it, that U tends to infinity with probability one, is
verified directly in the following paragraphs.
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sequences which are located symmetrically about ¢ = 1,
such as Yu, Y21, ey YLl and YI,M, Yz,zM, .o
apart from having the same joint distribution of their
elements, are approximately independent provided M is
large. This identity of distribution and approximate
independence will be utilized later.

Define Yj = max (l Ylj,, lejl, ony ’YLJI) Now the
sequence over which this maximum is taken is of N (0, 1)
\fariates with the correlation between Y,; and Y .n,;
being given by

(¥} YLJ;

Pi,i+N°

=27V{[M — 27(2j — D]/[M — 2777(25 — 1)]} .
If M is large relative to 7, this means that the sequence
is approximately stationary with autocorrelation px at
lag N given by 2-%¥. Since pylog N —0 as N — o, it
follows from Berman [17] that Y; is asymptotically dis-
tributed like the largest of L independent normal vari-
ables. That is, if a =+/{2 log. L}, then

Plar™(Y; —ar) <y]—exp (—e¥) = Ay) ,

a Type IIT extreme value distribution.

In particular, since U is greater than the larger of Y,
and the maximum of its mirror image sequence, it
follows that a stochastic lower bound for the asymptotic -
distribution of U is that of the largest of 2L independent
N(0, 1) variables. The centering constant for this dis-
tribution is

Qe = V{210ge 2L}
= v/[2log. {2(loga n — log: M)}] ,

since n = 2EM. Since a.z — » as n increases, this lower
bound implies that asymptotically the M — 1 terms z(%;)
do not contribute to the maximum, and so may be ignored.

Considering now the Y;; with [ # 1 which correspond
to t < %, we see that all lie either near Y,; for some ¢
or near z(t;) for some j. In the former case, the correlation
with Y5 is at least 2=% = .84, and in the latter, at least
.75. If the correlation between Y;; and Y, is p, then it is
easily shown that

PlYu#Yu+6|Yu=1y]
=d[—y{l —p/(L+p)}* =8/~ —p)].

Since in the area of interest y is at least of order
v {2log. (2L)}, and so is large, it follows that this
probability is small, and hence that the contribution of
these Y;; to the distribution of T+ is small, and possibly
negligible.

As regards the distribution of k*/n, since the Y
sequence is approximately stationary, all its terms have
the same probability of yielding the maximum Y;. Thus
the median location of the maximum is at the L/2 term
corresponding to t = 27 /M = (nM)~% Taking into ac-
count the symmetry 'about ¢ = %, we then conclude that
the lower fractiles of k*/n will vary as n—%.

In an attempt to assess the adequacy of this model, a
simulation was carried out. Sequences of independent
N(0, 1) variates of various lengths n were generated, and

(5.1)

(5.2)
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for each sequence U and k* /n were computed. The mean,

standard deviation, skewness +/b;, and kurtosis b, of U

~ are shown in Table 3 together with the lower quartile
of k*/n.

3. Statistics of U and k*/In Obtained from Simulation

Series Number Standard Quartile
length simulated Mean deviation Skewness Kurtosis of k*/n

50 5000 1.989 .550 .677 3.62 .16
100 5000 2.094 .536 677 3.69 11
500 2000 2.274 .529 778 4.20 .07

"1000 3000 2.344 521 640 3.62 .05
5000 600 2473 547 523 3.14 .03

The table shows that A(-), the Type III extreme value
distribution, which has skewness 1.3 and kurtosis 5.4
[3] is a bad fit to the data for all the n values studied.
This does not preclude A(-) as a limiting distribution of
U. It is known that the approach of normal distribution
extreme values to the limiting distribution is very slow.
This fact was illustrated by a simulation of the largest of
320 independent N (0, 1) variates which yielded a skew-
Jqess of .69 and kurtosis 3.91.

Since A(-) is inadequate as a model for n as high as
5000, questions of its asymptotic goodness-of-fit are
clearly academic, and the problem remains of adequate
approximations to its distribution, and especially its
fractiles, for n values in excess of 50. The moments of U
shown in Table 3, and-an inspection of stem and leaf plots
of the actual values obtained in the simulations, suggest
that to a good degree of approximation, the distribution
may be taken as depending on 7 only through a centering
constant.

In view of the observation that asymptotically U is
centered at +/[2log. (2L)] with L = logan — log, M, a
curve of the form +/[2log. {alog, n + b} ] was fitted to
the mean of U by least squares. This yielded a = 1.966,

= —4.015, and a correlation of .997. The value 2 for a
suggested by the theory lay well within one standard
error, as did the simpler value —4 for b. These values
yield a centering constant of /[2log. {2log, (n/4)}].

Applying this centering correction and using the 90
percent fractile of U for n = 50 yielded the approximate
fractiles listed in Table 4. Also shown is the proportion
of the simulated U exceeding these values. All are seen
to be close to the nominal .1, which suggests that the
model is of acceptable accuracy for practical application
to series of length up to 5000. '

4. Simulation Check on Approximate Fractfles of U

) Approximate Proportion of

n fractile exceedances
50 2.73 100
100 2.85 .090
500 3.03 .086
1000 3.09 .086
5000 .093

3.20
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The lower quartile of k*/n listed in Table 3 agrees
fairly well with the model that it vary as n—3%. ,

A final question relates to the asymptotic behavior of
W, the studentized equivalent of U. In this connection,
note that S is the sum of n — 1 independently and
identically distributed x,? variates. By the strong law of
large numbers (n — 1)718 — 1 with probability 1. On
the other hand, due to the positive intercorrelations
between the Tk U is stochastically smaller than the
largest of n independent normal variates, and this latter
quantity, V, say, satisfies

P[lim sup a»(Va — a.)/loglogn = 3] =1

n >0

where a, = +/{2log.n} [11]. So U is of order O(+/log.n)
with probability 1. Hence, in the formula

W = Uf{(n —2)/(8 —u))}?,

as n — o, the term in braces tends to 1 with probability

‘1. Thus the asymptotic distribution of W is the same as

that of U.

6. EXAMPLE

A model of the Stock Exchange which is widely believed
(and whose merits we will not argue here) is that a share
price P, at time ¢ is

Pt=Pt—l+Yty

where Y; ~ N(&, 6?) and Yy, YV, ... are independent.
A bull market is one in which £ > 0, and a bear market
one in which £ < 0. We are concerned to know whether
the market has changed posture during an interval, and
set up the hypotheses

Hy: & =¢, forallt,
Hy:t=4, t<0,
=, t>0.

A series of 50 week to week differences in the Eurosyndicat
index (an index of the major stock markets on the
European Continent) was computed for the weeks follow-
ing August 3, 1971. This series yielded a Z;x of 4.88 which
is highly significant. The basic statistics of the two
segments are X;x =—1.77, X' = 1.01, Si» = 162.59,
and k* = 15.

The boundary between the segments occurs at Novem-
ber 9, 1971. This point marked the end of a long period
of lack of confidence on the European stock markets, and
was followed shortly by a devaluation of the dollar
against the major European currencies.

The full series available started in January 1966 and
contained 486 terms. An estimate of the variance was
computed from the mean squared successive difference

" of the weekly changes and yielded the value 4.36. Under

the model’s assumptions of independent homoscedastic
increments with possible occasional abrupt shifts in
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location, this estimate is preferable to the sample vari-
ance as it is hardly affected by a small number of changes
in &

[Received May 1974. Revised June 1976.]
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