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We consider the regression model yi ¼ f ðxiÞ þ e in which the function f or its pth derivative f ðpÞ may have a
discontinuity at some unknown point t. By fitting local polynomials from the left and right, we test the null that
f ðpÞ is continuous against the alternative that f ðpÞðt�Þ 6¼ f ðpÞðtþÞ. We obtain Darling-Erd}oos type limit theorems
for the test statistics under the null hypothesis of no change, as well as their limits in probability under the
alternative. Consistency of the related change-point estimators is also established.
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1 INTRODUCTION AND RESULTS

We consider the regression model

yi ¼ f ðxiÞ þ ei; 1 � i � n;

where xi ¼ i=n; 1 � i � n, and f ðtÞ is an unknown function. Let 0 � p < 1 be a given

integer. We wish to test the null-hypothesis

H0 : f ðpÞexists and is continuous on ½0; 1�

against the alternative

Ha : there is t 2 ð0; 1Þ such that f ðpÞðt
Þ 6¼ f ðpÞðtþÞ:

The testing procedure proposed in this paper consists in fitting local polynomials from left

and right and checking if the difference between appropriate coefficients of the two polyno-
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mials is significantly different from zero at at least one point. This paper develops the asymp-

totic theory which is presented in Sections 1 and 2. Proofs are given in Sections 3 and 4.

Testing for the smoothness of f covers some very important examples in change-point

analysis.

Example 1.1 Assume that f ðtÞ is constant under H0. Under Ha there is t 2 ð0; 1Þ such that

f ðtÞ ¼ f ð0Þ, if 0 	 t 	 t; f ðtÞ ¼ f ð1Þ, if t < t 	 1 and f ð0Þ 6¼ f ð1Þ. In this special case, we

test the null hypothesis of constant mean against the alternative that the mean changed at an

unknown time. For surveys on detection of changes in the mean we refer to Brodsky and

Darkhovsky (1993) and Csörg}oo and Horváth (1997).

Example 1.2 We assume again that f is constant under H0. Under the alternative the mean

remains constant until y½nt� and after that it starts to increase linearly. This means that there

are constants c1 and c2 6¼ 0 such that f ðtÞ ¼ c1 þ c2ðt � tÞIft 	 t 	 1g. For testing and

estimating the time of the increase in the mean we refer to Jarušková (1998) and Hušková

(1999).

Example 1.3 An epidemic (square wave) alternative to a constant f is defined by

f ðtÞ ¼ c1 þ c2Ift1 	 t 	 t2g; c2 6¼ 0; 0 < t1 < t2 < 1. For a discussion of epidemic al-

ternatives we refer to Yao (1993a) and Yao (1993b).

Our tests are based on a method proposed by Loader (1996). First we fit a local polynomial

to (ym; xm) from the left using only ðyi; xiÞ; 1 � i � m 
 1. The coefficients of the fitted poly-

nomial minimize the weighted sums of squares

X
0<i�nhC

ym
i 

X

0�j�p

ajðxm
i 
 xmÞ
j

 !2

Kððxm
i 
 xmÞ=hÞ; ð1:1Þ

where K is a weight function satisfying the following conditions:

KðuÞ ¼ 0 if juj 
 C ð1:2Þ

KðuÞ ¼ Kð
uÞ for all 
1 < u < 1 ð1:3Þ

and

K ð2Þ exists and is continuous on ð
C;CÞ: ð1:4Þ

Throughout this paper we also assume

h > 0 and h ¼ hðnÞ ! 0 as n ! 1: ð1:5Þ

The weighted least-squares estimators âaðmÞ ¼ ðâa0ðmÞ; . . . ; âapðmÞÞ
T of (1.1) are given by

âaðmÞ ¼ ðX T

ðmÞQ
ðmÞX
ðmÞÞ


1X T

ðmÞQ
ðmÞY
ðmÞ ð1:6Þ

(cf. Fan and Gijbels (1996)), where

X
ðmÞ ¼ fðxm
i 
 xmÞ
j
g1�i�nhC;0�j�p;
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Y
ðmÞ ¼ ðym
1; ym
2; . . . ; ym
nhCÞ
T and Q
ðmÞ ¼ fq
ði; jÞg is a diagonal matrix with

q
ði; iÞ ¼ Kððxm
i 
 xmÞ=hÞ; 1 � i � nhC.

Next we fit a local polynomial to ðym; xmÞ from the right using ðyi; xiÞ;m þ 1 � i � n. The

coefficients of the polynomial minimize

X
0<i�nhC

ymþi 

X

0� j�p

bjðxmþi 
 xmÞ
j

 !2

Kððxmþi 
 xmÞ=hÞ: ð1:7Þ

Similarly to (1.6), the coefficients b̂bðmÞ ¼ ðb̂b0ðmÞ; . . . ; b̂bpðmÞÞ
T satisfy

b̂bðmÞ ¼ ðX T
þðmÞQþðmÞXþðmÞÞ


1X T
þðmÞQþðmÞYþðmÞ; ð1:8Þ

where XþðmÞ ¼ fðxmþi 
 xmÞ
j
g1�i�nhC;0�j�p; YþðmÞ ¼ ðymþ1; ymþ2; . . . ; ymþnhCÞ

T and QþðmÞ ¼

fqþði; jÞg is a diagonal matrix with qþði; iÞ ¼ Kððxmþi 
 xmÞ=hÞ.

We compare the coefficient vectors âaðmÞ and b̂bðmÞ and if they are statistically different

for at least one m; nhC � m � n 
 nhC, then we reject H0 in favour of Ha. For this we

consider the asymptotic distribution of

ZiðnÞ ¼ max
nhC�m�n
nhC

jâaiðmÞ 
b̂biðmÞj; 0 � i � p:

We wish to point out that if p ¼ 0, then âaðmÞ and b̂bðmÞ are the usual (one-sided) kernel esti-

mators of Priestley and Chao (1972) for regression functions. For further results on kernel

and related nonparametric estimators we refer to Clark (1977), Gasser and Müller (1979),

Cheng and Lin (1981) and Stadtmüller (1986). In general, kernel estimators can be used

to estimate one-sided (left and right) higher order derivatives of regression functions and

thus, using analogues of ZiðnÞ, to test for discontinuity in the derivatives of regression func-

tions. This idea was developed by Müller (1992). However, Hastie and Loader (1993) pointed

out the superiority of local polynomial smoothing to kernel regression estimators.

We assume that e1; e2; . . . ; en are independent, identically distributed random variables

with

Eei ¼ 0; 0 < s2 ¼ Ee2
i < 1 and Ejeij

n < 1 for some n > 2: ð1:9Þ

To formulate our main result we need some further notation. Let

A
 ¼ ð
1Þiþj

ð1
0

xiþjKðxÞ dx

� �
0�i; j�p

and

Aþ ¼

ð1
0

xiþjKðxÞ dx

� �
0�i; j�p

:

We also assume that

A
1

 ¼ B
 ¼ fb
ði; jÞg and A
1

þ ¼ Bþ ¼ fbþði; jÞg exist: ð1:10Þ
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Next we define

g0ði; jÞ ¼ ð
1Þiþj

ð1
0

xiþjK 2ðxÞ dx; if 0 � i; j � p

g1ði; jÞ ¼


 1
2

K 2ð0Þ; if i ¼ j ¼ 0

i 
 j

2
ð
1Þiþj
1

ð1
0

xiþj
1K 2ðxÞ dx otherwise

8><
>:

g2ði; jÞ ¼


 1
2

Kð0ÞK
0

ð0Þ 
 1
2

ð1
0

ðK
0

ðxÞÞ2 dx; if i ¼ j ¼ 0


 1
2
ð
1Þiþj

ð1
0

xiþjðK
0

ðxÞÞ2 dx;

if 0 � i; j � 1 and maxði; jÞ > 0


 1
2
ð
1Þiþj

Ð1
0

xiþjðK
0

ðxÞÞ2 dx 

i2 
 i þ j2 
 j

2

ð1
0

xiþj
2K 2 ðxÞd

� �
otherwise

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

d0ði; jÞ ¼

ð1
0

xiþjK 2ðxÞ dx; 0 � i; j < 1

d1ði; jÞ ¼


 1
2

K 2ð0Þ; if i ¼ j ¼ 0

i 
 j

2

ð1
0

xiþj
1K 2ðxÞ dx otherwise

8><
>:

d2ði; jÞ ¼


 1
2

ð1
0

ðK
0

ðxÞÞ2 dx; if i ¼ j ¼ 0


 1
2

ð1
0

xiþjðK
0

ðxÞÞ2 dx þ
1

4
K 2ð0Þ; if i ¼ 0; j ¼ 1


 1
2

ð1
0

xiþjðK
0

ðxÞÞ2 dx 

1

4
K 2ð0Þ; if i ¼ 1; j ¼ 0


 1
2

ð1
0

xiþjðK
0

ðxÞÞ2 dx 

i2 
 i þ j2 
 j

2

ð1
0

xiþj
2K 2ðxÞ dx

� �
otherwise

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

t0ði; jÞ ¼ 0; if 0 � i; j < 1
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t1ði; jÞ ¼
K 2ð0Þ; if i ¼ j ¼ 0

0 otherwise

�

t2ði; jÞ ¼


 1
2

K 2ð0Þ; if i ¼ 0; j ¼ 1


 1
2

K 2ð0Þ; if i ¼ 1; j ¼ 0

0 otherwise

8><
>:

For any 0 � i � p and ‘ ¼ 0; 1; 2 we define

A‘ðiÞ ¼
X

0�j;k�p

fb
ði; jÞb
ði; kÞg‘ðj; kÞ þ bþði; jÞbþði; kÞd‘ðj; kÞ


 bþði; jÞb
ði; kÞt‘ðj; kÞg:

THEOREM 1.1 Let 0 	 i 	 p. We assume that (1.2)–(1.5), (1.9), (1.10) hold; A0ðiÞ > 0;

f ðpÞ exists and is Lipschitz 1 on ½0; 1�; ð1:11Þ

lim sup
n!1

ðlog ð1=hÞÞ1=2nð2
nÞ=ð2nÞh
1=2 < 1: ð1:12Þ

and

lim
n!1

ðlog 1=hÞ1=2n1=2hpþ3=2 ¼ 0: ð1:13Þ

(i) If �1 < A1ðiÞ < 0; then

lim
n!1

P

(
ð2 log ð1=hÞÞ1=2n1=2hiþ1=2ZiðnÞ=s � t þ 2 log ð1=hÞ:

þ
1

2
log logð1=hÞ þ log

1

p1=2



A1ðiÞ

A0ðiÞ


 �
 �)
¼ exp ð
2e
tÞð1:14Þ

for all 
1 < t < 1.

(ii) If A1ðiÞ ¼ 0 and �1 < A2ðiÞ < 0, then

lim
n!1

P

(
ð2 logð1=hÞÞ1=2n1=2hiþ1=2ZiðnÞ=s � t þ 2 logð1=hÞ:

þ log
1

21=2p



A2ðiÞ

A0ðiÞ


 �1=2
 !)

¼ expð
2e
tÞð1:15Þ

for all 
1 < t < 1.

It is known that for every fixed 0 < t < 1; âapð½nt�Þ andb̂bpð½nt�Þ are asymptotically normal

(c.f. Fan and Gijbels (1996, p. 116)). However, less is known about the global properties of
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local polynomial smoothing. For example, the asymptotic distributions of the Kolmogorov–

Smirnov and related sup statistics are unknown. The proof of Theorem 1.1 indicates that

these statistics must have double exponential (extreme value) limit distributions. Local poly-

nomial smoothing is related to kernel-type estimators, c.f. Fan and Gijbels (1996, p. 63), and

therefore it is not surprising that Theorem 1.1 resembles analogous limit theorems for the

supremum of kernel-type estimators for densities and regression functions. As in the case

of all kernel-type estimators, the rate of convergence can be slow, especially for large p.

Theorem 1.1 will be proven in Section 3. Here we consider two special cases. First we

assume that p ¼ 0, that is we fit constants to the observations.

COROLLARY 1.1 Let p ¼ 0. We assume that (1.2)–(1.5), (1.9)–(1.13) hold andÐ1
0

KðxÞ dx 6¼ 0.

(i) If K 2ð0Þ > 0, then

lim
n!1

P

(
ð2 logð1=hÞÞ1=2

ðnhÞ1=2Z0ðnÞ=s � t þ 2 log ð1=hÞ:

þ
1

2
log logð1=hÞ 


1

2
log pþ log

 
K 2ð0Þ

�ð1
0

K 2ðxÞ dx

!)

¼ expð
2e
tÞ ð1:16Þ

for all 
1 < t < 1.

(ii) If Kð0Þ ¼ 0, then

lim
n!1

P

(
ð2 logð1=hÞÞ1=2

ðnhÞ1=2Z0ðnÞ=s � t þ 2 log ð1=hÞ


 logð21=2pÞ þ
1

2
log

 ð1
0

ðK
0

ðxÞÞ2 dx

�ð1

1

K 2ðxÞ dx

!)

¼ expð
2e
tÞ ð1:17Þ

for all 
1 < t < 1.

If p ¼ 0, then âa0ðmÞ and b̂b0ðmÞ are kernel estimators of the regression function at m=n.

In this case an analogue of Corollary 1.1 was adapted by Wu and Chu (1993) from

Stadtmüller (1986). Wu and Chu (1993) considered the limit distribution of

maxnd�m�ð1
dÞn jâa0ðmÞ 
b̂b0ðmÞj with some 0 < d < 1=2, and thus essentially assumed that

no change can occur on the intervals ½0; d� and ½1 
 d; 1�, so their test does not have

power against changes on these intervals.

Now we assume that p ¼ 1, that is we fit lines to the observations.

COROLLARY 1.2 Let p ¼ 1. We assume that (1.2)–(1.5), (1.9)–(1.13) hold,

ð1
0

KðxÞ dx

ð1
0

x2KðxÞ dx 6¼

ð1
0

xKðxÞ dx


 �2

ð1:18Þ
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and

o0 ¼

ð1
0

x2KðxÞ dx


 �2ð1
0

K 2ðxÞ dx þ

ð1
0

xKðxÞ dx


 �2

�

ð1
0

x2K 2ðxÞ dx 
 2

ð1
0

x2KðxÞ dx

ð1
0

xKðxÞ dx

ð1
0

xK 2ðxÞ dx > 0:

ð1:19Þ

(i) If

o1 ¼ K 2ð0Þ

ð1
0

x2KðxÞ dx


 �2

> 0; ð1:20Þ

then

lim
n!1

P
n
ð2 log ð1=hÞÞ1=2

ðnhÞ1=2Z0ðnÞ=s � t þ 2 log ð1=hÞ

þ 1
2

log logð1=hÞ 
 1
2

log pþ logðo1=o0Þ

o
¼ exp ð
2e
tÞ

ð1:21Þ

for all 
1 < t < 1.

(ii) If Kð0Þ ¼ 0 and

o2 ¼
1

2

ð1
0

x2KðxÞ dx


 �2ð1
0

ðK
0

ðxÞÞ2 dx

þ
1

2

ð1
0

xKðxÞ dx


 �2ð1
0

x2ðK
0

ðxÞÞ2 dx




ð1
0

xKðxÞ dx

ð1
0

x2KðxÞ dx

ð1
0

xðK
0

ðxÞÞ2 dx > 0; ð1:22Þ

then

lim
n!1

P ð2 logð1=hÞÞ1=2
ðnhÞ1=2Z0ðnÞ=s � t þ 2 logð1=hÞ

�

 logð21=2pÞ þ 1

2
logðo2=o0Þ

�
¼ expð
2e
tÞ ð1:23Þ

for all 
1 < t < 1.

(iii) If

o3 ¼
1

2

ð1
0

KðxÞ dx


 �2ð1
0

x2ðK
0

ðxÞÞ2 dx 

1

2
Kð0ÞK

0

ð0Þ

ð1
0

xKðxÞ dx




ð1
0

xKðxÞ dx

ð1
0

KðxÞ dx

ð1
0

xðK
0

ðxÞÞ2 dx > 0; ð1:24Þ
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then

lim
n!1

P
n
ð2 logð1=hÞÞ1=2n1=2h3=2Z1ðnÞ=s � t þ 2 logð1=hÞ


 logð21=2pÞ þ 1
2

logðo3=o0Þ

o
¼ expð
2e
tÞ ð1:25Þ

for all 
1 < t < 1.

Remark 1.1 If hðnÞ ¼ an�b, then (1.12) and (1.13) are satisfied for any 1=ð2p þ 3Þ
< b < 1 � 2=n.

2 TESTS AND ESTIMATORS UNDER THE ALTERNATIVE

We discuss briefly the consistency of the tests described in Section 1 and point out that local

polynomial smoothing can also be used to estimate the time of change. Let 0 < t < 1 and

define

f ðtÞ ¼
f1ðtÞ; if 0 � t � t

f2ðtÞ; if t < t � 1:

(

We assume that f1ðtÞ and f2ðtÞ are smooth functions. Namely,

f
ðpÞ
1 exists and is Lipschitz 1 on ½0; t� ð2:1Þ

and

f
ðpÞ
2 exists and is Lipschitz 1 on ½t; 1�: ð2:2Þ

The two parts of f ðtÞ connect smoothly up to the order p 
 1 and

f ðp
1Þ exists and is bounded on ½0; 1�: ð2:3Þ

However,

f ðpÞðt
Þ 6¼ f ðpÞðtþÞ: ð2:4Þ

THEOREM 2.1 We assume that (1.2)–(1.5), (1.9), (1.10), (1.12), (2.1)–(2.4) are satisfied.

(i) If

lim
n!1

n1=2hpþ1=2ðlog 1=hÞ1=2
¼ 0; ð2:5Þ

then the results of Theorem 1.1 hold for 0 � i � p 
 1.
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(ii) Moreover,

âapð½nt�Þ 
b̂bpð½nt�Þ !
P

f ðpÞðt
Þ 
 f ðpÞðtþÞ: ð2:6Þ

Next we consider an estimator for t proposed by Loader (1996). Let

t̂t ¼ minft : h � t � 1 
 h and jâapð½nt�Þ 
b̂bpð½nt�Þj ¼ ZpðnÞg:

Loader (1996) obtained the asymptotic distribution of nðt̂t
 tÞ assuming that the errors are

normally distributed. However, his model, and consequently the assumptions on f , are

different from ours. Here we show that the estimator t̂t is weakly consistent.

THEOREM 2.2 We assume that (1.2)–(1.5), (1.9), (1.10), (1.12) and (2.1)–(2.4) hold. Then

jt̂t
 tj ¼ OPðhÞ: ð2:7Þ

In the case of p ¼ 0, which corresponds to kernel regression estimators, Müller (1992) and

Wu and Chu (1993) obtained several limit results for

t� ¼ min
n

t : d � t � 1 
 d and jâa0ð½nt�Þ 
b̂b0ð½nt�Þj

¼ max
d�s�1
d

jâa0ð½ns�Þ 
b̂b0ð½ns�Þj
o
;

where 0 < d < 1=2. By choosing d in the definition of t�, it is implicitely assumed that we

know that no change occured on ½0; d� and ½1 
 d; 1�. Müller (1992) also considered kernel-

type estimators for the location of the discontinuity of higher order derivatives of the regres-

sion function. Hastie and Loader (1993) argued that local polynomial smoothing is preferable

to kernel estimators in the context of change-point (or discontinuity) detection.

Theorems 2.1 and 2.2 are proven in Section 4.

3 PROOFS OF THEOREM 1.1 AND COROLLARIES 1.1 AND 1.2

Let H ¼ fhði; jÞg0�i; j�p be a diagonal matrix with hði; iÞ ¼ h
i
1=2; 0 � i � p. Let

E
ðmÞ ¼ ðem
1; . . . ; em
nhCÞ
T ; Y �


ðmÞ ¼ ðf ðxm
1Þ; . . . ; f ðxm
nhCÞÞ
T and

aðmÞ ¼ f ðxmÞ; f ð1ÞðxmÞ;
1

2!
f ð2ÞðxmÞ; . . . ;

1

p!
f ðpÞðxmÞ


 �
:

Elementary algebra shows that

H
1ðâaðmÞ 
 aðmÞÞ

¼ A
1

 ðmÞHX T


ðmÞQ
ðmÞE
ðmÞ þ A
1

 ðmÞHX T


ðmÞQ
ðmÞ

� fY �

ðmÞ 
 X
ðmÞaðmÞg; ð3:1Þ
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where

A
ðmÞ ¼ HX T

ðmÞQ
ðmÞX
ðmÞH :

In (3.1) we decomposed âaðmÞ 
 aðmÞ into stochastic and numerical terms. Putting together

Lemmas 3.1 and 3.2 we get the exact order of the numerical term. In Lemmas 3.3–3.5 we

consider the stochastic term.

Throughout this paper j � j denotes the maximum norm of vectors and matrices.

LEMMA 3.1 If (1.2)–(1.5) and (1.10) hold, then

max
nhC�m�n
nhC

1

n
A
ðmÞ 
 A


����
���� ¼ O

1

nh


 �
ð3:2Þ

and

max
nhC�m�n
nhC

A
1

 ðmÞ 


1

n
B


����
���� ¼ O

1

n2h


 �
: ð3:3Þ

Proof It is easy to see that A�ðmÞ ¼ fui; jg0	i; j	p, where

ui; j ¼ h
ðiþjþ1Þ
X

0<k�nhC

ðxm
k 
 xmÞ
iþjKððxm
k 
 xmÞ=hÞ:

Since xi ¼ i=n we get

ui; j ¼ ð
1Þiþjn
1

nh

X
0<k�nhC

k

nh


 �iþj

K
k

nh


 �
:

By (1.4) we have that

1

nh

X
0<k�nhC

k

nh


 �iþj

K
k

nh


 �



ð1
0

xiþjKðxÞ dx

�����
����� ¼ O

1

nh


 �
; ð3:4Þ

which completes the proof of (3.2). The result in (3.3) follows immediately from (3.2).

LEMMA 3.2 If (1.2)–(1.5) and (1.11) hold, then

max
nhC�m�n
nhC

HX T

ðmÞQ
ðmÞfY �


ðmÞ 
 X
ðmÞaðmÞg
�� �� ¼ Oðnhpþ3=2Þ: ð3:5Þ
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Proof First we note that

HX T

ðmÞQ
ðmÞfY �


ðmÞ 
 X
ðmÞaðmÞg

¼ h
1=2
X

0<k�nhC

f ðxm
kÞ 

X

0�i�p

1

i!
f ðiÞðxmÞðxm
k 
 xmÞ

i

" # 

� Kððxm
k 
 xmÞ=hÞ; . . . ;

h
p
1=2
X

0<k�nhC

f ðxm
kÞ 

X

0�i�p

1

i!
f ðiÞðxmÞðxm
k 
 xmÞ

i

" #

� ðxm
k 
 xmÞ
pKððxm
k 
 xmÞ=hÞ

!T

: ð3:6Þ

Taylor expansion yields

max
0<k�nhC

f ðxm
kÞ 

X

0�i�p

1

i!
f ðiÞðxmÞðxm
k 
 xmÞ

i

�����
����� ¼ Oðhpþ1Þ: ð3:7Þ

By (3.4) we have

max
nhC�m�n
nhC

����� 1

nh jþ1

X
0<k�nhC

ðxm
k 
 xmÞ
jKððxm
k 
 xmÞ=hÞ


 ð
1Þ j

ðC

0

x jKðxÞ dx

����� ¼ O
1

nh


 �
ð3:8Þ

and therefore the proof of Lemma 3.2 is complete.

We introduce the notation

T ðiÞ

 ðmÞ ¼ h
i
1=2

X
0<k�nhC

em
kðxm
k 
 xmÞ
iKððxm
k 
 xmÞ=hÞ; ð3:9Þ

0 � i � p, and therefore we have

HX T

ðmÞQ
ðmÞE
ðmÞ ¼ ðT ð0Þ


 ðmÞ; . . . ; T ðpÞ

 ðmÞÞ

T : ð3:10Þ

It is easy to see that

T ðiÞ

 ðmÞ ¼ h
i
1=2

X
0<k�nhC

em
k 

k

n


 �i

K 

k

nh


 �

¼ h
i
1=2
X

m
nhC�j<m

ej

j 
 m

n


 �i

K
j 
 m

nh


 �
:
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Introducing SðxÞ ¼
P

1�i�x ei we can write

T ðiÞ

 ðmÞ ¼ h
1=2

ð1

1

x

nh



m

nh

� �i

K
x

nh



m

nh

� �
I

m

nh

 C �

x

nh
<

m

nh

n o
dSðxÞ:

In Komlós et al. (1975, 1976) a Wiener process fW ðxÞ;
1 < x < 1g was constructed such

that

jSðxÞ 
 sW ðxÞj ¼ oðx1=nÞ a:s: ð3:11Þ

as x ! 1, assuming that (1.9) holds. The continuous Gaussian counterpart of T ðiÞ

 is defined

as

GðiÞ

 ðtÞ ¼ h
1=2

ð1

1

x

nh

 t

� �i

K
x

nh

 t

� �
I t 
 C �

x

nh
< t

n o
dW ðxÞ:

LEMMA 3.3 If (1.2)–(1.5) and (1.9) hold, then

max
nhC�m�n
nhC

T ðiÞ

 ðmÞ 
 sGðiÞ




m

nh

� ���� ��� ¼ oPðh

1=2n1=nÞ; 0 � i � p:

Proof Integration by parts gives

max
nhC�m�n
nhC

ð1

1

x

nh



m

nh

� �i

K
x

nh



m

nh

� �

� I
m

nh

 C �

x

nh
�

m

nh

n o
dðSðxÞ 
 sW ðxÞÞ

� 2Ci sup
0�x�n

jSðxÞ 
 sW ðxÞj sup

C�u�0

jKðuÞj

þ max
nhC�m�n
nhC

�����
ðm

m
nhC

ðSðxÞ 
 sW ðxÞÞ
i

nh

x

nh



m

nh

� �i
1
�

� K
x

nh



m

nh

� �
þ

1

nh

x

nh



m

nh

� �i

K
0 x

nh



m

nh

� ��
dx

�����
¼ an;1 þ an;2:

It follows immediately from (3.11) that

an;1 ¼ oPðn
1=nÞ:

Using (1.3), (1.4) and (3.11) we obtain that

an;2 ¼ oPðn
1=nÞ:
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LEMMA 3.4 If (1.2)–(1.5) and (1.13) hold, then

max
nhC�m�n
nhC

sup
jsj�1=ðnhÞ

GðiÞ



m

nh

� �

 Gi




m

nh
þ s

� ���� ���
¼ OPðh


1=2ðlog 1=hÞ1=2
Þ; 0 � i � p:

Proof By the scale transformation of the Wiener process we have that for each n and h

fGðiÞ

 ðtÞ;
1 < t < 1g¼

D
fn1=2ĜGðiÞ


 ðtÞ;
1 < t < 1g; ð3:12Þ

where

ĜGðiÞ

 ðtÞ ¼

ð1

1

K̂K ðiÞðx 
 tÞdW ðxÞ

with

K̂K ðiÞðuÞ ¼ uiKðuÞIf
C � u � 0g:

Using (1.4) we can find a constant c1 such that

ðEðĜGðiÞ

 ðtÞ 
 ĜGðiÞ


 ðsÞÞ
2
Þ
1=2

� c1jt 
 sj1=2: ð3:13Þ

By (3.13), we can apply Fernique’s (1975) inequality and obtain

P sup
jsj�1=ðnhÞ

����ĜGðiÞ



m

nh

� �

 ĜGðiÞ




m

nh
þ s

� ����� > c2ðnhÞ
1=2
ðlog nÞ1=2

( )
�

c3

n2
; ð3:14Þ

with some constants c2 and c3. Now (3.14) yields

P

�
max

nhC�m�n
nhC
sup

jsj�1=ðnhÞ

����ĜGðiÞ



m

nh

� �

 ĜGðiÞ




m

nh
þ s

� �����
> c2ðnhÞ
1=2

ðlog nÞ1=2

�
�

c3

n
: ð3:15Þ

Lemma 3.4 follows immediately from (3.12), (3.15) and condition (1.13).

LEMMA 3.5 If (1.2)–(1.5) and (1.9)–(1.13) hold, then

sup
C�t�1=h
C

jT ðiÞ

 ð½nht�Þ 
 sGðiÞ


 ðtÞj ¼ oPðn
1=nh
1=2ÞþOPðh


1=2ðlog 1=hÞ1=2
Þ:

Proof It follows immediately from Lemmas 3.2–3.4.
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Similarly to (3.1) we have

H
1ðb̂bðmÞ 
 aðmÞÞ

¼ A
1
þ ðmÞHX T

þðmÞQþðmÞEþðmÞ þ A
1
þ ðmÞHX T

þðmÞQþðmÞ

� fY �
þðmÞ 
 XþðmÞaðmÞg; ð3:16Þ

where

AþðmÞ ¼ HX T
þðmÞQþðmÞXþðmÞH;

EþðmÞ ¼ ðemþ1; . . . ; emþnhCÞ
T and Y �

þðmÞ ¼ ðf ðxmþ1Þ; . . . ; f ðxmþnhCÞÞ
T . The following five

lemmas can be proven with minor modifications of Lemmas 3.1–3.5.

LEMMA 3.6 If (1.2)–(1.5) and (1.10) hold, then

max
nhC�m�n
nhC

���� 1

n
AþðmÞ 
 Aþ

���� ¼ O
1

nh


 �

and

max
nhC�m�n
nhC

����A
1
þ ðmÞ 


1

n
Bþ

���� ¼ O
1

n2h


 �
:

LEMMA 3.7 If (1.2)–(1.5) and (1.11) hold, then

max
nhC�m�n
nhC

����HX T
þðmÞQþðmÞfY �

þðmÞ 
 XþðmÞaðmÞg

���� ¼ Oðnhpþ3=2Þ:

Next we introduce

T
ðiÞ
þ ðmÞ ¼ h
i
1=2

X
0<k�nhC

emþkðxmþk 
 xmÞ
iKððxmþk 
 xmÞ=hÞ

and

GðiÞ
þ ðtÞ ¼ h
1=2

ð1

1

x

nh

 t

� �i

K
x

nh

 t

� �
I t <

x

nh
� t þ C

n o
dW ðxÞ;

where fW ðxÞ;
1 < x < 1g is the Wiener process of (3.11). Similarly to (3.10) we have

HX T
þðmÞQþðmÞEþðmÞ ¼ ðT

ð0Þ
þ ðmÞ; . . . ; T

ðpÞ
þ ðmÞÞ

T : ð3:17Þ
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LEMMA 3.8 If (1.2)–(1.5) and (1.9) hold, then

max
nhC�m�n
nhC

����T ðiÞ
þ ðmÞ 
 sGðiÞ

þ

m

nh

� ����� ¼ oPðh

1=2n1=nÞ; 0 � i � p:

LEMMA 3.9 If (1.2)–(1.5) and (1.13) hold; then

max
nhC�m�n
nhC

sup
jsj�1=ðnhÞ

GðiÞ
þ

m

nh
þ s

� �

 GðiÞ

þ

m

nh

� ���� ���
¼ OPðh


1=2ðlog 1=hÞ1=2
Þ; 0 � i � p:

LEMMA 3.10 If (1.2)–(1.5) and (1.9)–(1.13) hold, then

sup
C�t�1=h
C

jT
ðiÞ
þ ð½nht�Þ 
 sGðiÞ

þ ðtÞj ¼ oPðn
1=nh
1=2ÞþOPðh


1=2ðlog 1=hÞ1=2
Þ:

Proof of Theorem 1.1. First we note that GðiÞ
� ;GðiÞ

þ ð0 	 i 	 pÞ are stationary Gaussian

processes and therefore using Pickands (1969) we get

sup
C�t�1=h

jGðiÞ

 ðtÞj ¼ OPððnhÞ1=2

ðlog 1=hÞ1=2
Þ; 0 � i � p ð3:18Þ

and

sup
C�t�1=h

jGðiÞ
þ ðtÞj ¼ OPððnhÞ1=2

ðlog 1=hÞ1=2
Þ; 0 � i � p: ð3:19Þ

Putting together (3.1), Lemmas 3.1, 3.2, 3.5–3.7, 3.10, (3.16), (3.18) and (3.19) we get

n1=2hiþ1=2 max
nhC�m�n
nhC

jâaiðmÞ 
b̂biðmÞj

¼ n
1=2s sup
C�t�1=h
C

���� X
0�j�p

fb
ði; jÞGðiÞ

 ðtÞ 
 bþði; jÞGðiÞ

þ ðtÞg

����
þ OPðh


1=2nð2
nÞ=ð2nÞÞ þ OPðn
1=2hpþ3=2Þ

þ OPððnhÞ
1=2
ðlog 1=hÞ1=2

Þ: ð3:20Þ

Let

D
ðiÞ

 ðtÞ ¼

ð1

1

ðx 
 tÞiKðx 
 tÞI f
C � x 
 t < 0g dW ðxÞ; 0 � i � p
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and

D
ðiÞ
þ ðtÞ ¼

ð1

1

ðx 
 tÞiKðx 
 tÞI f0 < x 
 t � Cg dW ðxÞ; 0 � i � p:

By the scale transformation of the Wiener process we have

fn
1=2GðiÞ

 ðtÞ; n
1=2GðiÞ

þ ðtÞ; 0 � i � p;
1 < t < 1g

¼
D
fD

ðiÞ

 ðtÞ;D

ðiÞ
þ ðtÞ; 0 � i � p;
1 < t < 1g:

ð3:21Þ

It is easy to see that

D
ðiÞ
ðtÞ ¼

X
0�j�p

fb
ði; jÞDðiÞ

 ðtÞ 
 bþði; jÞDðiÞ

þ ðtÞg; 0 � i � p;

is a stationary Gaussian process with EDðiÞ
ðtÞ ¼ 0ð0 � i � pÞ. Next we show that

EDðiÞ

 ðtÞD

ðjÞ

 ðt þ hÞ ¼ g0ði; jÞ þ g1ði; jÞh þ g2ði; jÞh2 þ oðh2Þ; ð3:22Þ

EDðiÞ
þ ðtÞD

ðjÞ
þ ðt þ hÞ ¼ d0ði; jÞ þ d1ði; jÞh þ d2ði; jÞh2 þ oðh2Þ; ð3:23Þ

EDðiÞ
þ ðtÞD

ðjÞ

 ðt þ hÞ ¼ t0ði; jÞ þ t1ði; jÞh þ t2ði; jÞh2 þ oðh2Þ ð3:24Þ

as h # 0 and

EDðiÞ

 ðtÞD

ðjÞ
þ ðt þ hÞ ¼ 0 for all h > 0; ð3:25Þ

0 � i; j � p. First we note that (3.25) follows from the fact that W has independent incre-

ments. Since the proofs of (3.22)–(3.24) are similar, we prove only (3.22) when i ¼ j ¼ 0.

It is easy to see that

EDð0Þ

 ðtÞDð0Þ


 ðt þ hÞ

¼

ð1

1

Kðx 
 tÞKðx 
 t 
 hÞIf
C � x 
 t 
 h < 
hg dx

¼

ð
h


C

KðuÞKðu þ hÞdu

¼

ð0


C

KðuÞKðu þ hÞ du 


ð0


h

KðuÞKðu þ hÞ du:

A two-term Taylor expansion gives

ð0


C

KðuÞKðu þ hÞ du ¼

ð0


C

K 2ðuÞ du þ h

ð0


C

KðuÞK
0

ðuÞ du

þ
1

2
h2

ð0


C

KðuÞK
00

ðuÞ du þ oðh2Þ:
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Note that

ð0


C

KðuÞK
0

ðuÞ du ¼
1

2
ðK 2ð0Þ 
 K 2ð
CÞÞ ¼

1

2
K 2ð0Þ;

and, using integration by parts,

ð0


C

KðuÞK
00

ðuÞ du ¼

ð0


C

KðuÞ dK
0

ðuÞ ¼ Kð0ÞK
0

ð0Þ 


ð0


C

ðK
0

ðuÞÞ2 du:

Using again Taylor expansion we obtain that

ð0


h

KðuÞKðu þ hÞ du ¼

ð0


h

ðKð0Þ þ K
0

ð0Þu þ Oðh2ÞÞ

� ðKð0Þ þ K
0

ð0Þðu þ hÞ þ Oðh2ÞÞ du

¼

ð0


h

ðK 2ð0Þ þ 2Kð0ÞK
0

ð0Þu þ Kð0ÞK
0

ð0ÞhÞ du

þ Oðh3Þ ¼ K 2ð0Þh þ Oðh3Þ:

and therefore we have

EDð0Þ

 ðtÞDð0Þ


 ðt þ hÞ ¼

ð0


C

K 2ðuÞ du 

1

2
K 2ð0Þh

þ
1

2
Kð0ÞK

0

ð0Þ 


ð0


C

ðK
0

ðuÞÞ2 du


 �
h2 þ Oðh3Þ:

Putting together (3.21)–(3.25) we have immediately that

EDðiÞ
ðtÞDðiÞ

ðt þ hÞ ¼ A0ðiÞ þ A1ðiÞjhj þ A2ðiÞh
2 þ oðh2Þ; 0 � i � p:

Also, EDðiÞ
ðtÞDðiÞ

ðt þ hÞ ¼ 0, if t > C; 0 � i � p. By the stationarity of DðiÞ
ðtÞ we have

sup
C�t�1=h
C

jD
ðiÞ
ðtÞj ¼

D
sup

0�t�1=h
2C

jD
ðiÞ
ðtÞj: ð3:26Þ

Thus we use Pickands (1969) (cf also Chapter 12 of Leadbetter et al. (1983)) and obtain the

following limit theorems:

(i) If
1 < A1ðiÞ=A0ðiÞ < 0, then

lim
n!1

P ð2 logð1=hÞÞ1=2 sup
C�t�1=h
C

jD
ðiÞ
ðtÞj � x þ 2 logð1=hÞ

(

þ
1

2
log logð1=hÞ þ log

1

p1=2



A1ðiÞ

A0ðiÞ


 �
 ��
¼ expð
2e
xÞ:

ð3:27Þ
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(ii) If A1ðiÞ ¼ 0 and 
1 < A2ðiÞ=A0ðiÞ < 0, then

lim
n!1

P ð2 logð1=hÞÞ1=2 sup
C�t�1=h
C

jD
ðiÞ
ðtÞj � x þ 2 logð1=hÞ

(

þ log
1

21=2p



A2ðiÞ

A0ðiÞ


 �1=2
 !)

¼ expð
2e
xÞ; ð3:28Þ

THEOREM 1.1 now follows from (3.20), (3.21) and (3.26)–(3.28).

Proof of Corollary 1.1 First we note that

b
ð0; 0Þ ¼ bþð0; 0Þ ¼ 1

�ð1
0

KðxÞ dx

and therefore

A0ð0Þ ¼

ð1

1

K 2ðxÞ dx

� ð1
0

KðxÞdX


 �2

;

A1ð0Þ ¼ 
2K 2ð0Þ

� ð1
0

KðxÞ dx


 �2

and if Kð0Þ ¼ 0, then

A2ð0Þ ¼ 


ð1
0

ðK
0

ðxÞÞ2 dx

� ð1
0

KðxÞ dx


 �2

:

Now Theorem 1.1 implies immediately Corollary 1.1.

Proof of Corollary 1.2 First we observe that

b
ð0; 0Þ ¼ bþð0; 0Þ ¼
1

D

ð1
0

x2KðxÞ dx

b
ð1; 1Þ ¼ bþð1; 1Þ ¼
1

D

ð1
0

KðxÞ dx

b
ð0; 1Þ ¼ b
ð1; 0Þ ¼
1

D

ð1
0

xKðxÞ dx

and

bþð0; 1Þ ¼ bþð1; 0Þ ¼ 

1

D

ð1
0

xKðxÞ dx;
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where

D ¼

ð1
0

KðxÞ dx


 � ð1
0

x2KðxÞ dx


 �



ð1
0

xKðxÞ dx


 �2

:

Hence

A0ð0Þ ¼
2

D2

ð1
0

x2KðxÞ dx


 �2ð1
0

K 2ðxÞ dx

(

þ

ð1
0

xKðxÞ dx


 �2ð1
0

x2K 2ðxÞ dx


2

ð1
0

x2KðxÞ dx

ð1
0

xKðxÞ dx

ð1
0

xK 2ðxÞ dx

�
:

and

A1ð0Þ ¼ 

2K 2ð0Þ

D2

ð1
0

x2KðxÞ dx


 �2

:

If Kð0Þ ¼ 0, then

A2ð0Þ ¼ 

1

D2

ð1
0

x2KðxÞ dx


 �2ð1
0

ðK
0

ðxÞÞ2 dx

(

þ

ð1
0

xKðxÞ dx


 �2ð1
0

x2ðK
0

ðxÞÞ2 dx


2

ð1
0

x2KðxÞ dx

ð1
0

xKðxÞ dx

ð1
0

xðK
0

ðxÞÞ2 dx

�
:

Similarly,

A0ð1Þ ¼
2

D2

ð1
0

xKðxÞdx


 �2ð1
0

K 2ðxÞdx

(

þ

ð1
0

KðxÞdx


 �2ð1
0

x2K 2ðxÞd x


 2

ð1
0

KðxÞd x

ð1
0

xKðxÞd x

ð1
0

xðK 0ðxÞÞ2d x

)
;

A1ð1Þ ¼ 0

and

A2ð1Þ ¼ 

1

D2

ð1
0

KðxÞd x


 �2ð1
0

x2ðK 0ðxÞÞ2dx

(


 Kð0ÞK 0ð0Þ

ð1
0

xKðxÞdx


 2

ð1
0

xKðxÞdx

ð1
0

KðxÞdx

ð1
0

xðK 0ðxÞÞ2dx

)
:
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Using these formulas we can compute the constants in Theorem 1.1 and the proof of Corol-

lary 1.2 is complete.

4 PROOFS OF THEOREMS 2.1–2

We assume for the sake of simplicity that m� ¼ nt is an integer. Let D ¼

f ðpÞðt
Þ 
 f ðpÞðtþÞ,

Uþ
p ðtÞ ¼ ðUþ

0;pðtÞ; . . . ;Uþ
p;pðtÞÞ

T ; 0 � t � C;

with

Uþ
i;pðtÞ ¼

1

p!

ðC

t

spþiKðsÞds

and

U

p ðtÞ ¼ ðU


0;pðtÞ; . . . ;U

p;pðtÞÞ

T ; 0 � t � C;

with

U

i;pðtÞ ¼

ð
1Þpþi

p!

ðC

t

spþiKðsÞds:

LEMMA 4.1 If the conditions of Theorem 2.1 are satisfied, then

max
m=2½m�
nhC;m�þnhC�

jH
1EðâaðmÞ 
b̂bðmÞÞj ¼ Oðhpþ3=2Þ; ð4:1Þ

max
m��m�m�þnhC

H
1EðâaðmÞ 
b̂bðmÞÞ 
 hpþ1=2
DB
U


p

m 
 m�

nh


 �����
����

¼ oðhpþ1=2Þ ð4:2Þ

and

max
m�
nhC�m�m�

H
1EðâaðmÞ
b̂bðmÞÞ 
 hpþ1=2
DBþUþ

p

m� 
 m

nh


 �����
����¼oðhpþ1=2Þ: ð4:3Þ

Proof Since the change-point does not have any effect on (4.1), the result in (4.1) follows

immediately from Lemmas 3.2 and 3.7. Let

b�ðmÞ ¼ f ðxmÞ; f ð1ÞðxmÞ; . . . ;
1

ðp 
 1Þ!
f ðp
1ÞðxmÞ;

1

p!
f ðpÞðxmÞ


 �T

:
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Lemma 3.7 yields

max
m��m�m�þnhC

jH
1fEâaðmÞ 
 b�ðmÞj ¼ Oðhpþ3=2Þ: ð4:4Þ

Following the proof of Lemma 3.2 we obtain that

HX T

ðmÞQ
ðmÞ½Y �


ðmÞ 
 X
ðmÞEâaðmÞ�

¼ h
1=2
X

m
m�<k�nhC

f1ðxm
kÞ 

X

0�i�p
1

1

i!
f ðiÞðxmÞðxm
k 
 xmÞ

i

" 



1

p!
f
ðpÞ
2 ðxmÞðxm
k 
 xmÞ

p

#
Kððxm
k 
 xmÞ=hÞ

þ h
1=2
X

0<k�m
m�

f2ðxm
kÞ 

X

0�i�p
1

1

i!
f ðiÞðxmÞðxm
k 
 xmÞ

i

"



1

p!
f
ðpÞ
2 ðxmÞðxm
k 
 xmÞ

p

#
Kððxm
k 
 xmÞ=hÞ; . . . ; h
p
1=2

�
X

m
m�<k�nhC

f1ðxm
kÞ 

X

0�i�p
1

1

i!
f ðiÞðxmÞðxm
k 
 xmÞ

i

"



1

p!
f
ðpÞ
2 ðxmÞðxm
k 
 xmÞ

p

�
ðxm
k 
 xmÞ

pKððxm
k 
 xmÞ=hÞ

þ h
p
1=2
X

0<k�m
m�

f2ðxm
kÞ 

X

0�i�p
1

1

i!
f ðiÞðxmÞðxm
k 
 xmÞ

i

"



1

p!
f
ðpÞ
2 ðxmÞðxm
k 
 xmÞ

p

#
ðxm
k 
 xmÞ

pKððxm
k 
 xmÞ=hÞ

!T

:

Taylor expansion gives

max
m��m�m�þnhC

jHX T

ðmÞQ
ðmÞfY �


ðmÞ 
 X
ðmÞEâaðmÞg 
 LðmÞj

¼ oðnhpþ1=2Þ; ð4:5Þ

where LðmÞ ¼ ðL0ðmÞ; . . . ; LpðmÞÞ
T with

LiðmÞ ¼ h
i
1=2 1

p!
f f

ðpÞ
1 ðxmÞ 
 f

ð pÞ
2 ðxmÞg

�
X

m
m�<k�nhC

ðxm
k 
 xmÞ
iþpKððxm
k 
 xmÞ=hÞ:
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Elementary verifications show that

max
m��m�m�þnhC

jLiðmÞ 
 nhpþ1=2f f
ðpÞ
1 ðxmÞ 
 f

ðpÞ
2 ðxmÞgU



p ððm 
 m�ÞðnhÞÞj

¼ oðnhpþ1=2Þ; ð4:6Þ

and therefore (4.2) follows from Lemma 3.1.

The proof of (4.3) is similar to that of (4.2) and is therefore omitted.

Proof of Theorem 2.1 (i) Using Lemma 4.1 and (2.5) we obtain that the same numerical

term is negligible in n1=2hiþ1=2ZiðnÞ, if 0 	 i 	 p � 1. Hence Lemmas 3.3–3.5 and 3.8–3.10

imply the first part of Theorem 2.1.

(ii) By Lemmas 3.3–3.5, 3.8–3.10 and Lemma 4.1 we get that the random term is smaller

in âaðntÞ 
b̂bðntÞ than the numerical term. The last element of B
U 

p ð0Þ (and BþU þ

p ð0Þ) is 1,

so (2.7) follows from (4.2).

Proof of Theorem 2.2 It follows from the proof of Theorem 2.1 that

sup
nhC�m�m�
nhC

jâapðmÞ 
b̂bpðmÞj ¼ oPð1Þ

and

sup
m�þnhC�m�n
nhC

jâapðmÞ 
b̂bpðmÞj ¼ oPð1Þ:

Hence using (2.6) we get

lim
n!1

Pfm� 
 nhC � nt̂t � m� þ nhCg ¼ 1;

which gives (2.7).
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