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Abstract

Let f,(¢) denote the weighted (smooth) bootstrap process of an empirical process. We show that the order of the best
Gaussian approximation for §,(z) is n~"?logn and we construct a sequence of approximating Brownian bridges achieving
this rate. We also obtain an approximation for f3,(¢) using a suitably chosen Kiefer process. The result is applied to detect
a possible change in the distribution of independent observations. (©) 2000 Elsevier Science B.V. All rights reserved
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1. Approximations for empirical and resampled processes

Let X1,X;,... be a sequence of independent, identically distributed random variables with common distri-
bution function F. The empirical distribution of X1, X3,...,X, is defined as

1
Fy(t)=— > HXi<t}, —o<i<oo

1<i<n

It is well-known that the empirical process a,(¢) = n'>(F,(t) — F(t)) converges in Z[— 0o,00] to B(F(1)),
where {B(t), 0<¢<1} stands for a Brownian bridge. The rate of convergence of o,(¢) to B(F(¢)) is an
important question in statistics as well as in probability and it was investigated by several authors. For a
survey we refer to Csorgd and Révész (1981). The best result is due to Komlods et al. (1975):
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Theorem 1.1. There exists a sequence of Brownian bridges {B,(t), 0<t <1} such that

P{ sup o) — Bu(F(1))| > n~"2(crlogn +x>} <crexp(—csx)

—00 <t <00

for all x=0, where cy,c; and c3 are positive constants.
Komlos et al. (1975) also showed that the rate in Theorem 1.1 is the best possible one.
Theorem 1.2. If F is continuous, then for any sequence of Brownian bridges {B:(t), 0<t<1} we have

lim P{ sup  |o(t) — Bi(F(1))| = 1n~ 12 logn} =1.

n—0oo —00<t<00

Several statistical procedures, including kernel density estimation and procedures based on the empirical
characteristic function (see, e.g. Feuerverger and Mureika, 1977; Csorgd, 1981) can be described in terms
of the empirical process o,(¢#) with the limit distributions given as functionals of B(F(¢)). Thus the limits
may depend on the unknown distribution F. The bootstrap is a widely used technique to approximate these
limiting distributions. For the bootstrapped version of Theorems 1.1 and 1.2 we refer to Csorgo et al. (1999)
and Horvath and Steinebach (1999). One of the possible drawbacks of Efron’s (1979) original bootstrap is
that some observations may be used more than once while others are not sampled at all. An alternative
is the weighted (or smooth) bootstrap, which has also been shown to be computationally more efficient in
several applications. The Bayesian bootstrap of Rubin (1981) uses exponential weights. Lo (1987) obtained
approximations for f,(¢#) when ¢ has an exponential distribution. Parzen et al. (1994) used standard normal
weights to estimate the variance of an estimator based on an estimating function. Burke (1997a,b, 1998)
utilizes standard normal weights to construct confidence bands for functionals of multivariate observations.
For a survey of further results on weighted bootstrap we refer to Barbe and Bertail (1995) and Shao and Tu
(1996).

In this paper we study the asymptotic properties of the weighted bootstrap for the empirical process which
is defined as follows: Let ¢1,¢;,... be a sequence of independent, identically distributed random variables with

Eep=pu, varg =1 (1.1)
and

Eexp(te;) < oo if |¢|<# with some £ > 0. (1.2)
We also assume that

{X;, 1<i<oo} and {e,1<i < oo} are independent. (1.3)
The smooth bootstrap of o, is

Ba(t) =pn 12 Z (& — e){X;<t}, —o0 <t <00,
1<i<n
where
_ 1
&p = ; Z &;.
1<i<n

We note that f5,(¢) does not depend on u.

The main aim of this paper is to obtain the best possible approximation for f,(¢). We prove that the
best possible rate is 7> logn and our construction reaches this rate. Thus we have a complete analogue of
Theorems 1.1 and 1.2 for the smooth bootstrap.
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Theorem 1.3. If (1.1)—(1.3) hold, then there exists a sequence of Brownian bridges {B,(t), 0<t<1} such
that

P{ sup  |Bu(1) — Bu(F(1))| > n™"(cylogn +x>} <es exp(—cex)

—oo<t<oo

for all x=0, where c4,c5 and cg are positive constants.
The next result shows that the rate in Theorem 1.3 is optimal.

Theorem 1.4. If F is continuous and (1.1)—(1.3) hold, then for any sequence of Brownian bridges {B;(t),
0<¢<1} we have

n—0oo —00<t<00

lim { sup  |Bu(t) — BX(F(1)|=cn~ V2 logn} =1
with some c¢7 > 0.

Since a sequence of Brownian bridges is used in Theorem 1.3, it does not immediately imply strong laws
for f,(¢). Also, in some applications we need f,(¢) as a two-time parameter process of (¢,7n). The next result
gives an almost sure approximation for f3,(¢) based on a Kiefer process.

Theorem 1.5. There is a Kiefer process {K(t,x), 0<t<1, 0<x<oo} such that

max  sup Z (& — EDI{X; <t} — K(F(t),k)| = O(n'*(log n)'?).

1<k<n _—
S o0 <t<oo 1<i<k

The proofs are given in Section 3. First we show how the weighted bootstrap can be used in change-point
analysis.

2. An application to change-point detection

In this section we discuss one possible application of the results established in Section 1.
Let Yi,Y>,...,Y, be independent random variables with distribution functions H(¢), H2)(t), ..., Hu(t).
We wish to test the null hypothesis

Ho: Hiry(t) = Ha(£) = -+ = H(t) for all ¢
against the alternative

H,: there is k*, 1 <k™ < n such that Hay(t)=---=Hg~(t), Hjp=41)(t)=" - -=H,(¢) for all ¢ and Hye-)(t) #
He=41)(%0) with some ¢,.

Following Csorgd and Horvath (1997, p. 152) we divide the data into two subsets, before and after the kth
observation, and compute the corresponding empirical distribution functions

Hk(t)zé > H{y;<t} and H,j(t):ﬁ > H{y<t}

1<i<k k<i<n
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We reject Hy, if
k(n —k) .

Rn - 12/?§n I’l3/2 —ooSl<l?<oo |Hk(t) - Hk (t)|
is large. Csorgd and Horvath (1997, p. 153) obtained the limit distribution of R, under Hy. Let H denote the
common distribution function under Hy. If Hy holds, then

R, % sup  sup  |[Tp(tx)l, 2.1)

0<x<1 —oco<t<oo

where {I'y(t,x), 0<x<1, —00 <t < 0o} is a Gaussian process with EI'y(¢t,x) =0 and El'y(t,x)[ (s, y) =
{H(min(¢,s)) — H(t)H(s)}{min(x, y) — xy}. The distribution function of the limiting random variable is
unknown. We note that the distribution of sup, ., sup__ _, .. |[I'#(#,x)| does not depend on H, if H is
continuous, but even in this case it is unknown. The Glivenko—Cantelli lemma yields that if H, holds and
k* = [n0] with some 0 < 0 < 1, then

k*(n—k*) « P

— a2 |Hie«(10) — Hg-(t0)| = 0(1 — 0)|Hi-y(t0) — Her 1) (10));

and therefore
R, % o (2.2)

We use the smooth bootstrap to approximate the distribution of R,. Let ¢, ¢;,... be independent identically
distributed random variables satisfying (1.1) and (1.2). Define

(k)= Y (& —&8)I{Yi<t}

1<i<k
and
k=Y (@ - E)I{Yi<t)
k<i<n
with

1<i<k k<i<n

We show that R, and
Ri=n"3% max sup |(n—k)(tk)—kr*(t,k)|

I<k<n —oo<t<oco

have the same limit distributions.

Theorem 2.1. We assume that (1.1) and (1.2) are satisfied.
(1) If Hy holds, then

R:Z sup sup  |[Tu(tx)l. (2.3)
0<x<1] —oco<t<oo

(ii) If H, holds, then
Ry = Op(1). 24)
Theorem 2.1 is proved in Section 3.

In the remainder of this section we present the results of a small simulation study which compares the
critical values of R, and R; for small n and a data example which illustrates the procedure.
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Table 1
Percentiles of R, and R} under Hy, n =25

Distribution H Statistic 90.0% 95.0% 97.5% 99.0%
Gaussian R, 0.66 0.72 0.76 0.83
Ry 0.60 0.66 0.71 0.78
Uniform R, 0.66 0.72 0.79 0.84
R 0.61 0.68 0.73 0.79
Cauchy R, 0.66 0.72 0.76 0.84
R 0.60 0.66 0.72 0.77
Table 2

Percentiles of R, and R;; under Hy, n =50

Distribution H Statistic 90.0% 95.0% 97.5% 99.0%
Gaussian Ry 0.69 0.75 0.81 0.86
R 0.66 0.72 0.79 0.85
Uniform Ry 0.69 0.74 0.80 0.87
R* 0.65 0.71 0.75 0.80
Cauchy R, 0.69 0.74 0.81 0.87
R 0.65 0.71 0.77 0.83

Tables 1 and 2 exhibit percentiles of the simulated values of R, and R for n =25 and n = 50. The
simulations were done assuming that Hy is true. Three underlying distributions H were considered: standard
Gaussian, standard uniform and standard Cauchy. At least N=2,500 repetitions were used for each entry.
For each replication of R, a new sample from H was generated. To obtain the R;’s, one “original” sample
from H was generated, and based on it, N Gaussian bootstrap samples (i.e. with standard normal ¢;’s) were
simulated.

The critical values of R appear to be acceptable approximations of the critical values of R, for n>=50,
even though they are systematically smaller. The approximation is worse if standard normal ¢;’s are replaced
by standard exponential or normalized uniform weights.

We note that for small n the distributions of R, and R} look very different, even though they have similar
quantiles. In both panels of Fig. 1, H is standard Gaussian, n =25 (N = 5,000 replications were used).

The difference is due to the absence of the smoothing effect of the ¢ in the definition of R, (standard
normal ¢;’s were used in the right panel).

2.1. A data example

We consider the spontaneous abortion data studied by Levin and Kline (1985). The data consist of 265 units
comprising four karyotyped aborted conceptions. Each conception falls into one of five disjoint groups. The
groups correspond to different chromosomal characteristics. The units roughly correspond to weeks, since, on
average, four karyotyping procedures per week yielded conclusive results. We focus here on trisomic abortions,
because for them the analysis of Levin and Kline is somewhat inconclusive. Using a CUSUM test, they test if
during the period of time corresponding to the 265 units there has been a change in the proportion of trisomic
abortions. Assuming binomial distribution, they obtain the P-value of 0.14. On the other hand, their test has
power of only 0.39 against the likely alternative of a two-fold increase in the proportion of trisomic abortions



64 L. Horvdth et al. | Statistics & Probability Letters 48 (2000) 59-70

=
w
§ 4
§ B
§ -
= 8
8
2
= 4 _-II I IIIIIIII-- - - - lI IIIIIIIII---- -
o.4 o.e o.e 1.0 o.2 0.4 o.e o.8 1.0
Fig. 1. Histograms of R, (left) and R; under Hy, n = 25.
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Fig. 2. Number of trisomic abortions per unit.

over a time span of 20 units. Using a test based on local polynomial smoothing, Horvath and Kokoszka
(1998) obtained asymptotic P-value smaller than 0.025. The trisomic abortions data are displayed in Fig. 2,
which shows that the detection of a possible change in distribution is a challenging problem.

We used Theorem 2.1 to compute the P-value for the test of the null hypothesis that there has been no
change in the proportion of trisomic abortions. The mean of the data is 0.883, so we assumed that under the
null hypothesis, the data come from the binomial distribution with p = 0.22 (the value of p does not effect
the results). We generated a random sample of size n =265 (the number of units) from this distribution and
then repeating the Gaussian smooth bootstrap N = 1000 times we obtained R}, ,..., R, y and used

LN(x)zjiv > HR;,<x}

1<j<N

to approximate the distribution of R,. The proportion of the R; ; which were greater than the observed value
of R, was 0.034, which is our estimate of the P-value.
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Fig. 3. Analysis of the abortion data.

For comparison, we simulated N = 500 samples of length n = 265 from the binomial distribution with
p = 0.22 and computed 500 values of R,. The proportion of the R, which were greater than the observed
value of R, was 0.016, which indicates that the test based on Gaussian bootstrap is fairly accurate.

According to Theorem 2.1, if zy(1 —o) denotes the 1 —a quantile of Ly(x), then by (2.1) and (2.3) we have
P{R,<zy(1—a)} — 1—a as n,N — oo under Hy. If H, holds, then (2.2) and (2.4) yield P{R, <zy(1—a)} —0
as n,N — oo, so the test is consistent. This is illustrated in Fig. 3, where the continuous line shows the
estimated density of R under the null described above, whereas the dotted line shows the estimated distribution
of R, under the alternative of the twofold increase of p over twenty units. The vertical line indicates the
observed value of R,.

3. Proofs
We can assume that p=0.

Proof of Theorem 1.3. First we can write

Yo - {X<tt= > al{X<t}—F(@) Y a+EFEO—F0)) > & 3.1)

1<i<n 1<i<n 1<i<n 1<i<n

By the inequality of Dvoretzky et al. (1956) we have that

P{ sup  |F(t) — F(1)| > n_l/le/z} <cgexp(—2x) (3.2)
—oo<t<oo
for all x>0 with some constant cg. Using Petrov (1995, p. 55) there are constants co,...,c3 such that
P{ > al> (xn)l/z} <cyexp(—ciox) (3:3)
1<i<n

for all 0<x<cy1n and

P{ Z & Zx} <cpp exp (—cp3x), (3.4)

1<i<n
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if c;in<x < o0. If 0<x<cyn, then we use (3.2) and (3.3) and if ¢;;n<x < oo, then we apply (3.4) and
the observation that sup, |F,(¢#) — F(¢)| <1 to obtain

P{ sw |E@o-Fo) Y

—oo<t<0o0 1<i<n

>x}<cl4 exp (—cisx) (3.5)

for all x>0. Horvath (2000) constructed a sequence of Wiener processes {W,(t), 0<t¢ < oo} such that

P{ sup ‘n_l/z S al{x<i) - W,,(F(t))’ > 1 2(¢16logn +x)} <17 exp(—cigx) (3.6)

—oo<t<oo 1<i<n
for all x>0, and therefore

P{ sup ‘”_”2<Z sl{X; <t} —F(t) Y gi> —(Wn(F(t))—F(t)Wn(l))‘

—oo<t<oo . .
1<i<n I1<i<n

> 2n"Y2(¢i6logn +x)} < cr7exp (—cigx). 3.7)
Observing that B,(t) = W,(t) — tW,(1) are Brownian bridges, Theorem 1.3 follows from (3.1), (3.5) and
3.7). O

Proof of Theorem 1.4. We can assume without loss of generality that F(¢)=¢, 0<¢t<1. Let {N(¢), 0<¢ < oo}
be a homogeneous Poisson process with intensity parameter 1, independent of {e;, 1<i < oo}. The times of
the jumps of N(¢) are 0 =S(0) < S(1) < ---. It is well-known that

{nF,(t), 0<t<1YZ{N(@S(n+ 1)), 0<r<1}

and therefore

{ > al{Xi<t}, O<I<I}Z{U(N(tS(n+ 1)), 0<i<1}, (3.8)
I1<i<n
where
Uky= Y &
1<i<k

Let z(i,n) =i/S(n+1), 0<i<n, and a(n) = [clog[n']]/S(n + 1), where [x] denotes the integer part of x. By
(3.8) there are random variables ©(i,n), 0<i<n, and A(n) such that

{ > al{Xi<t}, 0<e<1, (i,n), 0<i<n, h(n)}

1<i<n
ZIUNS(n + 1)), 0<t<1,2(i,n), 0<i<n, a(n)}. (3.9)
It follows from the Erdos and Rényi (1970) law of large numbers that for any ¢ > 0
1

Ty max  (UN((z(in) + a(n))S(n + 1)) = UN(2(i,n)S(n + 1)))
[clog[n'*]] o<i<n'?)

1 ) .
= e Toaln T} o 2%, (VWG + [elogln*11) = UN()

a*(c) asn — oo. (3.10)
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Erdos and Rényi (1970) also showed that there is a one-to-one correspondence between the function o*(c)
and the moment generating function of U(N(1)). Putting together (3.1), (3.5), (3.9) and (3.10) we get that

02

[clog[n'/3]] 0<1<X (Bu(z(i,n) + h(n)) — Pu(z(i, n)))—> %" (c) (3.11)

for all ¢ > 0. Let {B(t), 0<t<1} be a Brownian bridge. We can define a Brownian bridge {B(¢), 0<r<1}
such that

{B(t), 0<t<1, 1(i,n), 0<i<n, h(n)} g{l-':’(t), 0<t<1, z(i,n), 0<i<n, a(n)}. (3.12)
There is a Wiener process {# (1), 0<t<1} such that B(t) = W(t) — tW (1), 0<t<1. Hence

nl2

m 0<1<[§/ (B(Z(l n)+a(n)) — B(Z(l n)))

02

[Clog[n1/3]] 0<l<[n (W(Z(l n) + a(n)) — W(z(i,n))) + op(1). (3.13)

By the law of the iterated logarithm we have that [S(n+1)— n\ "O((nloglogn)'/?) and therefore, by Theorem
1.2.1 of Csorg6 and Révész (1981),

nl2

TeTogDn ] o 1%, (W (@(ion) + a(m)) = W (z(icm)))

a2 - (i [clog[n'?]] e
" [elog[n'P]] o<isin] <W <n + n) -w <n>> + op(1). (3.14)

The scale transformation of W yields that

nl/2 (i [clog[n'?]] &1
[clog[n!/3]] osrinsa[)yfm] <W <Z + n > - (;>>

1
(e Togln ] 0, (7 elogln*TD = W (@), (3.15)

IS

Using again Erdds and Rényi (1970) we obtain that

1

- AT — ) S 2 12
[clog[n1/3]]0<,< ]3](W(z+[clog[ 1 —w@)) (C> . (3.16)

Putting together (3.12)—(3.16) we conclude that for any Brownian bridge {B(¢), 0<¢<1}

nl/2 2 1/2
—_— B h -8B - 3.17
ol ] 0 2 (BCEGom) + () = B(x(i,m) & (C) (3.17)
for all ¢ > 0. If m(¢) denotes the moment generating function of ¢;, then the moment generating function of
U(N(1)) is exp(m(t) — 1). It is easy to see that exp(m(¢) — 1) cannot be the moment generating function
of a normal random variable. Since there is a one-to-one correspondence between the Erdos—Rényi limits
and moment generating functions, there is ¢* > 0 such that o*(c*)# (2/c*)V?. If F(¢t) =1, then Theorem 1.4
follows from (3.11) and (3.17) with some ¢;>c*|a*(c*) — (2/c*)"/?|. Since F(t) is continuous, the case of
uniformly distributed Xj, X5, ... implies the general result. [
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Proof of Theorem 1.5. By Theorem 2.2 in Horvath (2000) there is a two-time parameter Wiener process
{W(t,x), 0<t, x < oo} such that

Z el {X;<t} — W(F(t),n)| = O(n'*(logn)"/?). (3.18)

1<i<n

sup
—oo<t<oo

By (3.1) and (3.5) we have

n'2pu(1) - ( Y alfXi<t}—F@) ) a)‘a‘:ﬁ'oaogn),

1<i<n 1<i<n

sup
—oo<t<oo

and therefore (3.18) implies
sup  [n'2B,(t) — (W(F(t),n) — F()W(1,n))| = O(n'"*(logn)"/?).

—oo<t<oo

Observing that K(t,x) = W(t,x) — tW(1,x) is a Kiefer process, the proof of Theorem 1.5 is complete. [

Proof of Theorem 2.1. If Hy holds, then we can write

r(tn) = r(tk)=r* (k) + & Y ({Yi<t}—H@)+& Y ({Yi<t}—H(1))

k<i<n I<i<k

—& Y ({Y<t} - H@)).

1<ign

By the law of the iterated logarithm we have

1

max max —————
I<k<n (n — k)12

1<k<n

1
< max —————
1St (n— k)12

BOY . U{Yi<t} —H(1))

k<i<n

>

k<i<n

X su H{Y; <t} — H(t
s g;n({ } ())‘
=Op(loglogn)

and similarly

max
I1<k<n

g Y {ri<ey- H(t))| = Op(loglogn).

1<i<k

The central limit theorem and the weak convergence of the empirical process imply

&Y, ({Yi<t}—H(@)

1<i<n

sup = Op(1).

—00 <t <00

Hence by Theorem 1.5 there is a Kiefer process {K*(#,x), 0<t<1, 0<x < oo} such that
n max |(n—k)r(t k) — ke (k) = {(n = )K" (H(0). ) = k(K" (H(0),m) = K*(H(0). k)]
<k<n

=Op(n~"*(logn)"/?).
Let
Iy(t,x) =n"V2{K*(H(t),nx) — xK*(H(1),n)}.
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If is easy to check that ETl'y(t,x) =0, ELy(t,x)5(s, y) = (H(min(t,s)) — H(t)H(s))(min(x, y) — xy). Also,
the modulus of continuity of Kiefer processes (cf. Csorgdé and Révész, 1981) gives

Iy (t, %) —TI'y (t% +s)‘ = Op(n~"?(logn)"?),

max sup sup
0<k<n |s|<1/n —oo<t<oo

which completes the proof of (2.3). To prove (2.4) first we note that by Theorem 1.5
n? max sup  |(n—k)r(t,k)| = O0p(1).

I<k<k* —co<i<oo

Next we write for all 1<k <k*

k)= > al{vi<ti+ Y al{Yi<ty - > H{Y;<t}.

k<i<k* k* <i<n k<i<n

Since Yi,..., Y}~ are identically distributed, (3.18) yields

max sup Z el{Y;<t}| = Op(n'?)
I<k<k* —co<t<oo k<ick*

and similarly the weak convergence of partial sums gives

max |&; E I{Y;<t}| < max E &| = Op(n'?).
1<k<k* 1<k<k*
k<i<n k<i<n

Thus we get
n3? max sup  |(n — k)r(t, k) — kr*(t,k)| = Op(1)

I<k<k* —oso<t<oo

which completes the proof of (2.4). [
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