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Abstract

We present some results of convergence for a minimum contrast estimator in a problem of
change-points estimation. Here, we consider that the changes affect the marginal distribution of a
sequence of random variables. We only consider parametric models, but the results are obtained
under very general conditions. We show that the estimated configuration of changes converges
to the true configuration, and we show that the rate of convergence does not depend on the
dependance structure of the process: we obtain the same rate for strongly mixing and strongly
dependent processes. When the number of changes is unknown, it is estimated by minimizing
a penalized contrast function. Some examples of application to real data are given. (©) 1999
Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

The change-point problem is important in many applications, and has been well-
studied for more than fourty years (see, for example, the books of Brodsky and Dark-
hovsky (1993), or Basseville and Nikiforov (1993), and the many references therein for
a state-of-the-art). According to the method of data acquisition, there exist two differ-
ent formulations of this problem. The a posteriori (or off-line) change-points problem
arises when the series of observations is complete at the time to process it. In the
sequential change-points problem, the detection is performed on-line.
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We only consider in this paper the a posteriori problem. Then, our problem consists
in recovering the configuration of change points using the whole observed series. The
detection of a unique change point has been widely studied by different authors in
different contexts. Among many others, Picard (1985) has proposed some test statistics
for detecting a change in the spectrum of a process or in the mean of an autoregressive
process, the order of which is known. Bai (1994) has extended these results for detect-
ing a change in the mean of a linear process. Kim (1994) has compared the likelihood
ratio and the cumulative sum test for detecting a change point in a linear regression.
The papers of Giraitis and Leipus (1992) and Giraitis et al. (1996) deal with nonpara-
metric situations for detecting a change in the marginal distribution function and the
spectral function.

In the case of multiple changes, the problem is much more intricate when the number
of changes is unknown, and few papers are dedicated to this problem. Various authors
consider the particular case of changes in a sequence of independent and univariate
random variables. In particular, Yao estimates the number of jumps in the mean of
an independent normal sequence via Schwarz’ criterion. Lombard (1987) and Mia
and Zhao (1988) propose some procedures based on a rank statistics to test for one
or more change points. Schechtman and Wolfe (1985) present a sequential algorithm
for estimating the number and the location of the change points. Some authors also
considered the problem of dependent data: Epps (1988) proposes a chi-squared statistics
for testing the stationarity of a Gaussian process. He confines attention to processes
which changes abruptly at some known instants. Vostrikova (1981) studies an iterative
method of detection, when the changes affect the mean of a process. Finally, Brodsky
and Darkhovsky (1993) also propose an algorithm for estimating shifts in a sequence
of mixing variables.

In a previous paper, Lavielle and Moulines (1999) study a penalized least-square
estimate of an unknown number of shifts in a time series. We extend their results to
the problem of detecting changes in the marginal distribution function of a sequence of
dependent — including strongly dependent variables. We consider that this distribution
depends on a parameter 0 that changes abruptly at some unknown instants. We show
with an example, that the method also applies to nonparametric distributions that are
discretized.

When the number of change points is known, the configuration of change points is
estimated by minimizing a contrast function. We obtain some asymptotical results when
the length of each segment tends to infinity, at the same rate as the total number of
observations n. It is shown, under very mild hypothesis, that, if the minimum contrast
estimate of 6, computed in any segment of the true configuration, is consistent, then,
the minimum contrast estimator of the configuration of change points £, converges to
the true configuration t*. The estimated parameter of vectors 0, also converges to the
true vector of parameters 0* . Furthermore, we precise the rate of convergence of the
estimator (%,,0,). In particular, we show that ||z, — t*||oc = Op(n~"). An interesting
result is that this rate of convergence does not depend on the covariance structure of
the process: this rate holds for strongly mixing sequences and for strongly dependent
sequences. On the other hand, the rate of convergence of 0, depends on the covariance
structure of the process. Indeed, this rate is the same as in the absence of changes.
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When the number of changes is unknown, it is estimated by minimizing a penalized
contrast function. The penalization term has the form f,K where K is the number
of segments, that is the number of parameters in the model. Then, this problem of
change points detection can be seen as a problem of model selection via penalization
(see Schwarz, 1978). This kind of method has been developed for estimating the order
of an ARMA process (see Akaike, 1974; Hannan, 1980) or for estimating the order
of a mixture (see Dacunha-Castelle and Gassiat (1997)). In a context of regression
and density estimation, some precise risk bounds have been obtained by Barron et al.
(1999), using theory of sieves. We show that the estimated number of change points
converges to the true number if f, goes to 0 at an appropriate rate. Indeed, if f3,
decreases too quickly, the number of segments will be over-estimated. On the other
hand, this number will be sub-estimated if f, is too big. We must notice that Yao
(1988) already proposed this kind of criterion with 5, =logn/n in the particular case
of independent data. In the case of dependent data, the choice of f, directly depends
on the rate of convergence of 0,, that is on the dependence structure of the data.

Some examples of application are finally proposed. First, we consider the problem
of detecting changes in the mean and/or the variance of a process. We also consider
the case of changes in a discrete distribution. We apply these methods to real data, for
detecting change points in the CAC 40 index and the heart rate of a new-born baby.
At this stage, it is important to underline that the results obtained in this paper are
asymptotical. Of course, in front of a real data sequence, the penalization coefficient f3,
takes a fixed value. The choice of this value is not justified by theoretical considerations,
but by practical considerations: we choose 5, in order to obtain a resolution level, that
is, a number of changes, that seems satisfactory (see Lavielle, 1997) for practical
prescriptions for the choice of this tuning parameter). An automatic choice of f,, for
any value of #n would require nonasymptotical results, but this is beyond the scope of
this paper.

2. Detection of a known number of changes
2.1. Model and notations

Let @ be a compact subset of R? and ¥* a function from 10,1] to @. We consider
a sequence of random variables Yj,..., Y, that take its values in R”, and such that, for
any 1<i<n, the distribution of ¥; depends on the parameter ¥*(i/n): there exists a
function F; : R? x ® — [0, 1] such that, for any 4 C R? and any 1<i<n,

P(Y,€A)=F; (A;ﬁ* (%)) .

We do not assume here that the F;’s are all identical. Indeed, consider the following
model as an example, where the mean of the process varies:

Y, = o* (i)—&-s[, 1<i<n S
n
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where (&, 1<i<n) is a sequence of centered random variables. Then, we can consider
the problem of estimating the mean ¥*, without assuming that (¢;) is identically dis-
tributed. This problem attracts considerable attention in different contexts. For example,
Dahlhaus (1997) assumes that the function 9¥* is smooth, in order to guarantee that
the process has locally a stationary behavior.

We consider here that this function is piecewise constant. Then, there exist t}¥ =
0< ﬂ" < e < rl’g_l < ‘c}‘zl and 0*,...,0}‘6@><~~><@ such that, for all x €]0, 1],

K
)= 9;*111}7_*_1 — (2)

j=1

This model means that K — 1 changes affect the distribution of (Y;) at some unknown
instants (1*,1</<K — 1) with £ = [a7}]: for any 4 C R” and any 1<i<n,

K
P(Yed)=2 FiA:0 ) _icpm. 3)

J=1

In this context, estimating the function ¥* reduces to estimating the vector of pa-
rameters 0* = (0F,...,0%) and the configuration of normalized change points t* =
(‘cf,...,‘cl’gil) from n observations Yy, Ys,...,7,.

We use index j for the true configuration of change points t* = (t]*, I<j<K-—-1),
and for the true vector of parameters 0*:(07‘, 1<j<K). We use index k for any other
configuration. We denote by Yj* the vector of observations that belong to segment j
in the configuration 7*, and by Y the vector of observations that belong to segment
k in the configuration = (74, | <A <K — 1):

Yj*:()]l‘]-*_l"‘l"“,yt;'k),

Yk = (Ytk,]w‘»l""’Ytk)'

The lengths of ¥* and ¥ are, respectively, n¥ and ng. Then, n¥/n=1F — ¥ | is the
proportion of observations that belong to segment j in . The vector of observations
that belong to segment j in the configuration t* and to segment k in the configuration
T is

Yy =Y, i€t + LN [ + 1,27,

and the length of Y}, is ny;.

The aim of this paper is to study the behavior of an estimator of (t*,6*) when
n — oo, when (t*,0%) is fixed. Then, the normalized lengths (nj* /n) of the segments
in 7, as well as the jumps (||0F — 0% ,]|) are fixed, and bounded from below:

e There exists 0 < A¥ < 1 such that tf — ¢} | > 4%, 1</j<K.

e There exists 4) > 0 such that [|0F — 0% |[,>47F, 2</<K.

(Remark at this stage that we do not assume here that some minorants of A4* and A;‘
are known.)
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2.2. Some preliminary hypothesis

Before estimating (t*, 0* ), it is clear that we must be able to estimate the parameter
(9]’-" in segment j of t*, for any 1<;<K. Indeed, we shall assume that there exists a
contrast function W, such that the minimum contrast estimator 0 ) of 0]’-", computed in
segment j of t*, and defined as the solution of the following minimisation problem:

WY, 0)<W(YX,0), Voco (4)

converges in P-probability to 9}‘ when n — co. More precisely, we make the following
hypothesis:

H1 (On the contrast function)

(i) There exist ¢ : @ — R,  : @ — R™ two twice continuously derivable functions,
and ¢ : R?” — R™ such that, for any 0 € @, the contrast function W, can be written as:

1<
WoXoo X 0) = — > ($(0) + (Y(0),E(Y)),  1<1<d'<n. (5)
i=t
(ii) There exists a function w of & x @ in R such that, for any 1 <j<K and any
0e o,

w(0F,0) = $(0) + (W(O), EEY)), 1) + 1 <i<tf. ©6)

and such that, for any (0,0)€ © x @, w(0,0)<w(0,0"), with w(0,0)=w(0,0") if and
only if 6 =20".
Furthermore, for any 1<;j<K, there exist a neighborhood 7~ (9}") C O of 9}‘ and a
constant B > 0 such that
w(07,0) —w(0F,07)=>B||0F — 0|3
for any 0 € ”V(H}").
For any (0,0')€ O x 0O, let

v(0,0") =w(0,0") — w(0,0). (7)

Then, under H1, v(0,0)>0 for any (6,0')c® x @ and v(0,0) =0 if and only if
0=20".

Remark. We only consider here that the changes affect the marginal distribution of
the Y;’s, then, we assume in H1(i) that the contrast function can be written as a sum
(5). Let

9(y;0) = —p(0) — (¥(0),<(»))- (8)

In many applications, g is the log-likelihood of a probability distribution Gy. As an
example, we shall see in Section 4 that a Gaussian likelihood can be used as a contrast
function for detecting changes in the mean and/or in the variance of a sequence of
random (not necessarily Gaussian) variables. In such a case, v(0,6’) is the Kullback—
Lieber distance beetween Gy and Gy, and HI(ii) is satisfied.

On the other hand, HI is generally not satisfied when the changes affect the joint
distribution of (Y;). The contrast functions that can be used for detecting changes in
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the spectrum of a random process, for example, are built up from the periodogram (see
Lavielle, 1998), that is from some quadratic forms, and H1 does not hold anymore.

In order to control the fluctuations of the contrast process, we consider also the
following condition:

H2 (on the fluctuations of the contrast process)

For any 0 € O, let

ni(0) = (W(0),4(Y;) — EX(Y))), 1<i<n. )

Then, there exists 1</4 < 2, such that,
t+s 2
E (Z ’7i(0)> <C(0)s", 1<t<t+s<n (10)
i=t

Now, for any 0 € O, let

t+s

Su(Yere o Vi ) =Y mi(0), 1<t<t+s<n. (11)

i=t

Then, under H1, by using (5), (6), (9) and (11), Wn(Yj*,Q) can be written as follows:
1

WY}, 0) = (2F = T w(0F,0) + - S,(Y},0). (12)
n

Under H1 and H2, n~'S,(Y}*,0) converges in probability to 0 at rate ' ~"2, uniformly
in 0. Then, W,(Y}*,0) converges in probability to (t¥ — 1} )w(6F,0), and 0; defined
in (4) converges in probability to 0¥ at rate n'~"/2.

2.3. Some remarks on condition H2

As we shall see in the next sections, the consistency of the estimator and the rate of
convergence are obtained under H1 and H2, that is when the sequence #;(0) defined in
Eq. (9) satisfies condition (10) for some 1</ < 2. In order to simplify the notations
in this section, we shall omit 6 and use the notation #; instead of #;(0), since the
results hold for any 0 € ©. It is useful to remark that inequality (10) is satisfied for
a wide family of processes 1 = (#;). In fact, if # is a second-order stationary process
with zero-mean and autocovariance function 7,, we have

n—1

n 2 n—1
E(Zn) =y (nf|k|)y,7<k)<zn;|yﬂ(k)|- (13)

k=—n+1

Thus, if y,(k) = O(n~¢) for some a > 0, then # satisfies condition (10) for A =
max(2 — a,1). For practical applications, it is necessary to obtain some conditions on
the process Y, instead of 1. We shall see some situations where the relation between
the two processes is explicit.

(1) Y is a sequence of independent random variables. This is the simplest situation,
and 7 is also a sequence of independent random variables such that (10) is satisfied
for h=1.
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(2) Y is a second-order stationary ¢-mixing process, see Doukhan (1994) for the
definition. In this case, let (¢py(k)) be the sequence of mixing coefficients of ¥, such
that

Py(k) = Ok™)
where a > 0. Hence, # is also a ¢-mixing process such that
(k)< Py(k), Vk=0.
If En} <oo, and using the fact that, for any k>0,

E(nom) <2E(mg)(¢y(k))'?,

n satisfies (10) for 2 =min(2 — a/2,1).
(3) Y is a second-order stationary o-mixing process, see Doukhan (1994). As before,
let (ay(k)) be the sequence of mixing coefficients of Y, such that

ay(k) = O™, k=0,

where a > 0.

If there exists 6 > 0 and 4 > 0 such that E|n;|>1+9 <4, for any i >0, then 7 satisfies
(10) for A =min(2 — ad/(1 + 9),1).

We get this result by using the following inequality due to Davydov (1970):

2 1
E(nori ) <8(ety (k)" \/E(InolDE(|me|), PR

p
with ¢=2420 and p=1+1/0. In particular, if # is bounded, then E(#noni) < Co, (k).
(Here, we can remark that more precise inequalities have been obtained more recently
in this context by Rio (1993).)
(4) Y is a strongly dependent stationary Gaussian process, see Taqqu (1977). Then,
there exists 0<<a < 1 such that

Cov(Yo, Yi) = O(k™®), Vk>0.

Because of the definition of #; in (9), we can see 7, as a function of Y; and consider
the development of 7; on the basis of Hermite polynomials when En3 < oc:

ni=g(Y:) — Eg(Y) = c;Hy(Y)). (14)
j=m
Here, m is the Hermite rank of #, that is the smallest value of j such that the coefficient
c; of H; in (14) is different of zero. We shall see in the last section that m =1 in
the case of changes in the mean, and m =2 in the case of changes in the variance of
random variables.
In this context, the following inequality holds (see Taqqu (1977), for example): there
exists a constant D such that

E(none) <D(Cov(Yo, Yi))", (15)

and 5 satisfies (10) for 2 = max(2 — am, 1).

Some results can also be obtained for non-Gaussian processes, using Appell poly-
nomials, instead of Hermite polynomials, see Giraitis and Surgailis (1986), for more
details.
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2.4. A useful maximal inequality
The following lemma will be very useful in the following.

Lemma 2.1. Let (n;) be a sequence of random variables with zero mean. We assume
that there exists C < oo and 1 < h < 2 such that, for any t=0 and any s > 0,

t+s 2
E ( Z 11,-) <Cs". (16)

i=t+1

Then, there exists A(h) >0 and B(h) > 0 such that, for any 6 > 0, for any n >0
and any m > 0, the following maximal inequalities are satisfied.

P <1r£ta§n Zn, > 5) <A(h)52, (17)
-2
P <11n>ax — > 5) <B(h) . (18)

Proof. The first inequality has been shown by Moricz et al. (1982). The same kind of
proof by induction easily leads to the following generalisation of the Hajek and Rényi
(1955) inequality: under the conditions of Lemma 2.1 and for any decreasing sequence
biy=by> - =b, >0,

<1r3ta§nb, Zn, >5> <A(h) 3 sz (19)
Then, we can show (18) by setting b, = 1/¢ and by splitting the set {#>m} into the
union of subsets of the form {2”m <t < 27*'m} for p=1,2,... . We have
o] 1 t
— < — .
<Itn>a")1( = 5) = ZP <2ngtli§1’“m t an ~ 5)
p=0 i=1
27 -1
A(h) 1 1
< Z RN DI
i=2Pm
< A(h)Z(Zp )2
A(h h—2
Alh) _m O (20)

ST 1o

Remarks on Lemma 2.1. Inequalities (17) and (18) hold when (16) is satisfied for any
1 < h < 2. Nevertheless, this result can be extended to 2 = 1, under some hypothesis
on 7. For example, these inequalities still hold with 2 =1 if 5 is a sequence of
independent variables, or if # is a linear process, the spectral density of which satisfies
some conditions of regularity, see Bai (1994). The same result also holds for strongly
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mixing processes when the sequence of strongly mixing coefficients goes to 0 quickly
enough, see Oodaira and Yoshihara (1972). Under H1, let

’

t
VS, (Yoo Yo 0) = Viri(0) 1)
i=t
where, using (9),

0
Vii(0) = =5n:(0) = [VP(ONET:) — EL(TD)). (22)

Then, under H2, using (11) and (21), a direct application of Lemma 2.1 leads to the
following result: there exists 4; > 0, 4, > 0 and 43 > 0, such that, for any m > 0,

A h
P( max  sup |[S,(Yiy1... Yy, 0)] > 5) <4, (23)
ISISt/<mgec g 0
Sy(Yy...Y,,0 Aym"=2
P ((max sup 1S Tl 5y Ao (24)
t=zm heo t 52
A3mh
P max  sup ||VSy(Yig1... Y, 0)|2 >0 ) < ) (25)
I<I<'<mgc g 02

2.5. Definition of the estimator

Let Ik be the set of configurations and @ the space of the parameters,
Ok ={0=(01,0,,....0¢), 0, €6},
3.[(:{‘5:(‘[0,1'1,...,‘[](), T=0<11 <" <11 <TK = 1}

We estimate (¢*,0*) by minimizing the function J,(z,0) in Zx x O defined by

K
Jn(,0) = Wa(Yi, 0p), (26)
k=1
where W,(Yy,0;) is the contrast function computed over segment £ of .

For a given configuration t, ék minimizes W,(Yy,0;). Then, we can remark that,
under H1 and H2 and when t=t*, the estimate of 8* obtained by minimizing J,(z*, 0)
converges to 0*.

For technical reasons, we will use the fact that, since Jn('c*,H*) is constant, (7,, (9,,)
minimizes U,(t,0) defined by

U,(1,0) = J,(1,0) — J,(t*,0%) = u(z,0) + e,(t,0) (27)
where, using (7) and (11),

K K
u(z,0) = EUp(r.0)=>_ > %v(@_*,@k), (28)
k=1 j=1
1 K K
en(t,0) = Un(z.0) — u(®,0) = - > 3" (Sy(¥igo00) — Si(¥igs 07). (29)
k=1 j=1

We shall establish now the consistency of this estimate, and compute its rate of
convergence, under very general conditions.
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2.6. Consistency of the estimator

We have the following result:

Theorem 2.2. Let t, be the estimate of the change-points sequence and 0, be the
estimate of the parameters in the different segments, obtained as the solution of the
following minimization problem:

J(80,0,) <J,(3,0),  V(3,0) € T x Ok. (30)
Then, under H1 and H2, (£,,0,) converges in P-probability to (t*,0%).

Proof. First, we shall show the following lemma.

Lemma 2.3. If condition H1 is satisfied, then there exists two constants Cyx > 0 and
Cx > 0 such that, for any (1,0) € Tk x Ok,

u(t,0) >max(Cy+||t — 7o, Cex |0 — 0% ]) (31)

where ||t — ¥||oo =max;|t; — t¥| and ||0 — 0% ||, = max; v(6F,0,).

Proof. For any 1 <k<K — 1, let
Fr(0*,0) = eirelf@(au(ekjl, 0)+ (1 —a)v(0X,0)).

Then, we have f4(0*,0)= fx(0*,1)=0. Furthermore, f;(0*,-) is a concave function
(as the inferior hull of a family of linear functions). Then, let
A(O0*) =21 (0%, D).
Thus,
Fr0*,0)=ad(0*), VO<a<i. (32)
We can see that 4,(0*) > 0 if 0F # 0F, |, and we set
AO0*)= min  A4(0*)

<k<K-—1

with 4(0*) > 0. Let us consider now a configuration T € Jx such that ||t — 7%||o <
A¥/4. A change point t; can be on the left, or on the right of the original change-
point 7%

e For any k such that 7;_ <IZ‘ <1 and using (28), we have that
Mk

Nk
u(r.0)> =0 (07,00 + ~ 5 0(0.00). (33)
Let
U jr] = Nk k+1
T nekn + i

By hypothesis, oy ;+1 <1/2 and

(ot i 10(0% 1, 0) + (1 — a1 )0 (0., 06))

> (u —17)A0 ™). (34)

n +n
u(z,0) > kk+1 Kk
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e For any k such that 7, <r,’: < Tg41, WE set in a same way

N k—1
Mik—1 + M

As before, and using the fact that oy ;_; <1/2,

u(t,0) = (17 — 14)A(0™"). (35)

Thus, if || — 7 ||co <AX/4, u(7,0)=A4(0%)||t — 7| 0.

On the other hand, from (28), u(t,0)>max; v(0*, O )ng/n. Now, if ||t — %] <
A* /4, ng/n=A*)2 for any k, and then, u(z,0)=>A*||0 — 0* ||, /2.

If now ||t — t*||oc > 4¥/4, there clearly exists a pair (k,j) such that ng>
nA¥/4 and ng . =nA¥ /4. Let

Nk, j+1
Nk jr1 + i

Ok, k—1 =

Ok j+1 =
For any 0 € O, we have

Ny j+1 + N
u(t,0) > % (o110 (0,1, 00) + (1 = a5 )0 (0%, 0))

R i1 + M.
LT T in (o151 — o j11)A(0™)

\Y

S Mt + ni it min(nk,j+l ’ N j+1 ) A(0%)
n
A*2
Tt
8
Finally, using the fact that for 0<a,b< 1, min(a,b)>ab, we obtain that

WV

A(0%). (36)

A*
u(z,0) = A(G*)min(zf, [lr — 1:*|OO>

AFAO™)

=
2

It = 7*|loo (37)
and

u(t,0) > % min(Af, |0 — 0*|V>
A*2
s
Thus, setting Cp» = A*¥?4(0*)/8 and C,» = A*?/8,

u(z,0)=max(Cy«||t — r*||oo,CT*H0 - 0*||V).

> =110 — 0|y (38)

This achieves the proof of Lemma 2.3. [J

Proof of Theorem 2.2 (conclusion). For any § > 0, let us define

Txs ={1€7k; ||t — t¥||oc > 8}, (39)

Oks=1{0c0Ox; [0 — 0*||y > 5} (40)
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Thus, we have

inf u(z,0)=Cy«9,

(1,0) € k.5 X Ok

u(t,0)=Cx0

in
(1.0) € Tk x O 5

and then,

P(||f,,—r*|oo>5)<P( inf Un(r,0)<0)

(1,0) € Txsx Ok

<P < sup leq(t,0)| > inf u(r,())) . (41

(1.0) € T 5% Ok ©0) € Tks X Ok

Using Lemma 2.3 and (29), we have that

K
Cysd
P(||£, — t*||o > &) < 2P 18, (Yi, 00)] > =2
(|[£n — =] ) (wénfﬁxakkgl [n™" Su(Yi, 0p)| >

Cy+d
< 2KP sup In '8 (Yy Yisrs. ., Yy, 0)] > =2 .
I<t<'<n €O 2K

(42)

In the same way, we show that

. Cd
_p*x < -1 , T
P(||0, — 0%||y > 5) < 2KP Q«J@’iew'” SuYon Vi, Y 0)] > )

(43)

From (23), the right-hand terms of (42) and(43) converge to 0 and (7,, én) converges
to (t*,0%) in probability. [

2.7. The rate of convergence

We have the following result concerning the rate of convergence of the sequence of
estimates {(%,,0,)}:

Theorem 2.4. Let

A * _ A * 0 * _ A *
60 = e loe = max, |£ = | and [|6, — 0| = max, |10~ 0F|l.

Assume that conditions H1 and H2 are satisfied. Then, the sequences (n||t, — t||0)
and (Vn2=)|0, — 0*||) are uniformly tight in P-probability:

()  lim lim P(n||#, — 1|0 =6) =0,

0—o00 n—
(ii) lim lim P(Vn2="|0, — 0*||.c=n)=0.
nN—00 n—00

This result means that the rate of convergence of 7, does not depend on the covariance
structure of the sequence (Y;). For strongly mixing sequences, as well as for strongly
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dependent sequences, ||£,—7*||oo=0p(n~"). On the other hand, the rate of convergence
of 6, directly depends on the covariance structure of (Y;). Indeed, this rate is the rate
of convergence of 0, in the absence of changes.

Proof of Theorem 2.4. We shall show first that, under H1 and H2,

hm lim P(n®~"||£, — %]|sc =) = 0. (44)

— 00 N—00

For any 6 > 0 and for 1<h < 2, let
Tior ={1€ s ||t — ¥l > o2,

Then, for any 6 > 0,

(7, O)EL/K(}”h 2 X Ok

P(n27h||fn - T*H > 5)<P ( inf Un(Tao) < O) . (45)

In (29), e,(t,0) is decomposed into a sum. Since the consistency of 7, is established,
%) converges to t)* for any k. Thus, only the pairs (k, ), such that [k—j| <1, are present
in the sum. Thus, using (27) and(29), expression of U, reduces to

K k+1

Une.0) = u(e. 0+ 3" 3 (S 00) — Su(Yigs 0)). (46)

k=1 j=k—1

Thus, using (45) and (46), Eq. (44) will be a direct consequence of the two following
equalities:

Su( Y, 00 ) — S Y, OF
lim lim P(( inf ( Y O0) = S Vi k)+Cu(r,0)><0>:0,

0—00 N—00 Ta())e’/ﬁx,,snhfl X Ok n
(47)
Su(Yirsr, 0
lim lim P ( inf $iWekr1:0) | oz 9 < 0> =0, (48)
d—00 n—00 (7, (-))EJKM 2 X Ok n

for any C > 0.

We establish (47) first. Recall that Yj; represents the observations that belong to
segment k in both configurations, T and *: Ykk:(Yt,max(t,:‘_l, t—1) < t<min(#¥, tk)).
Since the consistency of the estimate is established, 7y = f; — f;_1 converges to nk =
X — ¥ |, and 0 converges to 9* Thus, we only consider the configurations (z, )
where ny > n¥/2, and where 0y € ¥°(0F). Thus, using H1 (ii) and (28),

u(,0)> " o(0F, 00) > " |0, - 07 |}

and, from Lemma 2.3,

*
u(t,0)>max (c(,*anh—z, ;—’;BHQk — 0,3|§) . (49)

inf
(7,0) € .’77@-”/7,2 X Ok
Under H1, there exists 0 € ® such that
Su(Yis 06) — S Yo, 0F ) = (VSu( Yo, 0), 0 — OF) (50)
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where VSn(Ykk,é) was defined in (21). On the other hand, using the fact that
max(b/a,ca)=+/bc for a,b,c > 0, we have

1 .
P ( sup <— sup [(VSu(Yi, 0), 0k — 0F) — Cu(r,O)) 20)

(t.0) € Ty 5m—2 X Ok 0eo
~ e\
<P max sup HVSH(YIk—lJrl?-"?YIk?Q)H2 CQ*BC <_k) on’
o<t << jeo 2n
_ 24 (nf =l 1)
T CypsBCS \ n

by using (25). This term converges to 0 when § — oo since n,f/n is a constant.

We show now (48). Here, 14 > 1 and Y} 4. represents the observations that belong
to segment k in 7 and to segment k + 1 in 7*: Yiir1 =Yy, t,f < t<ty). (The case
T < t,f would be treated in a same way: Yj,, represents the observations that belong
to segment k + 1 in 7 and segment k in t*.)

If 7, — r,’: <on"72, that is, #, — t,?' <on"~!, then

P ( min inf (7S"(Yk’]:l’ 0k) + Cu(‘c,@)) < 0)

0<t—tF <onh—! 0e Ok

<P < max sup ||S,,(Yt;,+l,...,Y,k,0k)\| > CO*C(snhl)
o ;

0<py—tr<on'=1 ¢, €

Al (h—1)(h—2
gcg*cz(sz—h” =2 (52)

by using (23). On the other hand, if 7; — r,f >6n""2, we can remark, from
Lemma 2.3, that u(t,0)>Cy (14 — ‘E,f). Then we have

Y
P ( min  inf (M + Cu(1,0)> < 0)
n

t—t¥ =on"=1 0 € Ok

e —t¥ (S(Y, 0
<P< min inf £k < SLYZIR k)+C0*C) <O>
n

G-t =on'=1 O €O ty — tl‘:
[ASAIR AN
T
<P max sup * > Cy«C
u—tr=om=1 g, co by — tk

A
< cg*ciiath"(h Dk-2) (53)
by using (24). Eq. (48) is satisfied since the right-hand terms of (53) and (52) converge
to 0 when 6 — oo, since 1<h < 2.
That achieves the proof of (44). The point (ii) of Theorem 2.4 can be shown in a
same way. Indeed, for any # > 0, let § = Bn?, where B has been defined in condition
H1, and let

O sw— = {0 € O; |0 — 0%||, > 5" 2}
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Then,

P(Vr2=h[0 — 0*|oc > 1) < P(n*7"]|0 — 0*]|y > Bip?)

<P <(r,9)e.%<n><f@,\:5nh2 Un(7,0) < 0> . (54)
Following the proof of (44), we show that the right-hand term of (54) goes to 0 when
n — oo and n — oo.

We shall now be able to improve the rate of convergence of 7,. For a given config-
uration t € g, let 0(t) = (0x(t), 1 <k <K) be the value of 0 that minimizes U,(z,8).
Thus, using this notation, (9,, =0(z,).

Following again the proof of (44), we must show that

_ *
lim limP< inf <Sn(Ykk,9k(T)) Su(Yie, 0 (%))
n

g
d—00 n—00 TE€ Ty 51

+C(u(r, 0(1)) — u(z*,0(c*)))) < 0) =0, (55)

lim lim P( inf

00— 00 1—00 TE 7[(

SVt ) e, o)) — u(e, 02*))) < 0) -

Lon—1

(56)

for any C > 0. We obtain (56) exactly as we have shown (48). Indeed, (48) remains
true if we set =1 in (52) and (53).

We must now show (55). To do that, assume that 7, is a configuration of change
points where ‘CkZ‘E]:( for any k. From (44) and from Theorem 2.4, ny ;41 = n(t —
X)) = Op(n"~") and O4(£,) — 0 = Op(n">~"). Then, using the definition of u and S,
we can show that

K—1
u(z,02)) — u(e*,0%)) = S PELOF, 08,01+ Cp(1)) (57)
k=1

and

Su(Yik, 0c(£1)) — Su( Yie, 0 (t*)) _ Mkl Sp(Yie, 0F)
n

(1 + Op(1)). (58)
n n

We use the fact that (0,0}, ) is bounded from below, and that n='S, (Y., 0F ) goes
to 0, uniformly in t to show (55). [J

3. Detection of an unknown number of changes

Now, we assume that the number of segments K is unknown. Nevertheless, we
assume that that this number is upper bounded by a known K.

We propose to estimate the configuration of changes t, the vector of parameters 6
and the number of segments K, by minimizing a penalized contrast function J,(z,0,K)
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defined by

K
Tn(t.0,.K)=> " Wu(Y, 0c) + K (59)
k=1
for any K € {1,2,...,K}, and any (t,0) € I x O.

The sequence {f,} is positive and tends to 0 when 7 tends to infinity. This method
is classical for many problems of model selection (see Akaike, 1974; Schwarz, 1978;
Hannan, 1980; Yao, 1988; Barron et al., 1999; Dacunha-Castelle and Gassiat, 1997).
The parameter f5, is a trade-off between the fit with the observations and the size
of the model, that is, the number of segments that cannot be too big. The particular
choice f, =logn/n corresponds to the so-called Schwarz criterion, already proposed by
Yao (1988) for estimating an unknown number of jumps in an independent random
sequence. In a more general framework, we must adjust the rate of convergence of
{pn} to 0 according to the rate of convergence of the estimate (fn,é,,). Indeed, when
the number of changes is unknown, we have the following result.

Theorem 3.1. Let {f,} be a positive sequence of real numbers such that

B, — 0 and n*7"p, — oc. (60)

— 00

Then, under H1 and H2, the minimum penalized contrast estimator (‘En,é,,,len ), ob-
tained as the solution of the following minimization problem:

T 00, K) <JT0(2,0,K), ¥(1,0,K)€ Tk x Ok x {1,2,....K}. (61)

converges in P-probability to (v*,0%,K*).

Proof. For any n > 0, we have

Un(%,0,) + BuKu < PuK*, (62)
that is,
IS U}'l Amén
K,< —(‘;f)-i-[{*. (63)
n

We define now ||t — 7¥||o by
||t — 7|00 = max min |t; — rj*\
J k

and Lemma 2.3 still applies: u(t,0)=Cyx||t — t¥||oo. Then, for any configuration 7
of K segments with K < K*, ||t — |0 = 4%/2 and

u(t, 0)> A* Vo e o. (64)
Then, if K, < K*,
BuK* > (%, 0,) + eq(£, 0,) + BuKo (65)

_ Cond¥

) +en(7m0 )+ﬂn n (66)

/
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and

A C A*
P(K, <K*)<P|( max sup  en(7,0)| >~
ISK<SK*~—1 (1,0) € 7k x Ok 2

— /5,,1<*> . (67)

We use the fact that f§, converges to 0 and that ¢,(z,0) converges to 0 uniformly to
conclude that P(K, < K*) — 0 when n — oo. On the other hand, we have

N U,(z,0
P(K,>K*)<P max sup  — (. )21
K*+1<K<K (1,0) € Ix x O ﬁn
<P ( min inf u(t,0)+ p, + en(1,0)<0) . (68)
K*+1<K<K (v.0) € Ty X Ok

Thus, we can adapt the proof of Theorem 2.4 by changing u(z,0) into u(z,0) + f,:
Let &, = B,n*~". Under the hypotheses of Theorem 3.1, §, — oo when n — oco.
Thus, by using Theorem 2.4, we have that for any K* + 1 <K <K,

lim P < inf u(t,0) + ey (z,0) <O> =0,
n— 00 (1,0) € Tk p, X Ok

lim P < inf u(z,0) + ey(,0) <O> =0
n—00 (1,0) € Tk X O,
where Jx g, and O p, have been defined in (39) and (40). Let
31](,[;” = 3—[( \'%{aﬁn = {Teg‘K; HT - T*HOO <ﬁn}’
Ox.p, = Ok \ Ox.p, = {0€ Ok; [10 — 0% ||y <p,}.

We have to show that, for any K* + 1<K <K, for any § > 0,

lim P inf B, +e(r,0)<0| =0. (69)
n—oo (7, 0) € Ik, p, X Ok p,

Thus, using the decomposition (29) of e,(z,0) into a sum, it is enough to show that,
for any K* + 1 <K <K, for any pair (k,), and for any C > 0,

. S, (Y, 0%
lim P( inf (S”(Y"J’O") _ 5.7 cm) <0> —0. (70)
n

o0 (1, 0) € Ik, 5, X Ok, g, n

Consider first that & and j are such that t/‘."_1 <t < <t}: segment k of T is

included in segment j of t*. Since 0 € O p,. ||0x — 0%||<+/B./B and then,

‘ Su( Yy, 0%
P( min inf (S”(ka’g")— Ty ’)+Cﬁ,,> <0>
n

0 St < <tF 0€ by, n
~ BCn
<P< max sup||Asn<Yk,-,0)|>f>
t

* * o~
_]Stk,1<tk<tj feeo \/ﬂn

84 nh=2
(%)
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Consider now that £ and j are such that #_; < tf < t;: a part of segment k of
belongs to segment j of T and another part belongs to segment j+ 1. Since t € . Bo>
t — t}" <on" !, and then,

P ( min inf <W + Cﬁn> <o>
n

t,-* <t St,-* +nB, 0€ Ok p,

<P ( max sup [Sy(Yx ;... Yx ., 0)] > Cn/i,,)
s<nPy gco 7 J

A
< o (mh)' . (72)

When the conditions of Theorem 3.1 are satisfied, the right terms of (72) and (73)
converge to 0 when n — oo since nff, — oo when n — oc.
We finally show that P(K, # K*) converges to 0. [J

4. Some examples of application
4.1. Detection of changes in the mean of a sequence of random variables

We consider the following model:
Yi=uli)+e, i=0,1,2,....,n (73)

where u is piecewise constant, and where (¢;) is a second-order stationary process with
zero mean and variance ¢2(i). The function ¢(i) is assumed to be constant here and
the changes affect the function y, that is the mean of Y.

Here, for 1<k <K, py = u(i) for any #_; + 1<i<t, and the vector of parameter
to be estimated is 0 = (p,..., Ux).

We estimate 0; = y; in segment k£ by minimizing W,( Y, 1) defined by

Vo= D (- w), (74)

i=t—1+1
(Of course, fi, is the empirical mean of ¥ computed in segment k: f[i, = Y:.) We
estimate (t,0) by minimizing the function J,(z,0) defined by

K

1
In(w0) = [V — P, (75)
k=1

that is, by minimizing the function U,(z,0) defined in (27) by
Un(7.0) = J(z,0) — Ju(z*, %)
K K o K K,
— S X 2 K —— *
=2 127(% - ) —Z;Z7skj<uk—uj) (76)
=1 j= =1 j=

where &;; is the empirical mean of ¢, that is, the ¢ that belong to segment j in
configuration t* and to segment k in configuration 7.
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Here, condition H1 is satisfied, v(0;,0,) = (0; — 0,)* and &(Y;) =Y,
Then, using the definition of #;(0) given in (9), we have, for any 1<i<n, and any
0=wu,

ni(0) = —2ue;, (77)

Condition H2 is satisfied when (¢;) satisfies (16) for some 1</ < 2. This example
was studied in detail by Lavielle and Moulines (1999).

4.2. Detection of changes in the mean and the variance of a sequence of random
variables

Here, we want to detect simultaneously changes in the mean and the variance of
(Y;) defined in (73). That means that the changes affect both function u and ¢. Let
0 = (,0?) for any k, where py and o7 are the mean and the variance of Y; in
segment k. The set @ has the form @ = [4,B] x [C,D] where C > 0. We estimate 0;
in segment £ by minimizing W, (Y, 0;) defined by

[ ¥e — el ?
2

noy

W ¥i,0,) = + "loga}. (79)

We estimate (1:*,0*) by minimizing the function J,(t,0) defined by
1Yk — el 2
Ju(z,0 1 80
(x.0) = nEj( o oo} (80)

k=1

that is, (7,,0,) minimizes

K K K Kk
U,,<r,e)=ZZ w0800+ [ 303 no -3 S neh | ¢
k=1 j=1

k=1 i=t; Jj=1 i:t;'k—l
where
_ 6/2 62
/
v(0,0):7+log <0_2>+0_/2—1 (82)
is the Kullback-Lieber distance beetween two Gaussian distributions. Here, for any
1<i<n and any 0 = (y,6°),

U 1
ni(0) = —2m8i + gCi (83)

where
& =Y, — EY,

(i =(Y; — EY;)> — Var Y.
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Theorems 2.2, 2.4 and 3.1 apply if both ¢ and { satisfy (16) for 1</ < 2. For example,
if ¢ is a stationary Gaussian process with autocovariance function 7y,

t 2 t—1
E (2}) = Y 1D,
i=1

I=—t+1

t 2 —1
E (Za) = > —=hna).
i=1 I=—1+1
Thus, it is enough to check that ¢ satisfies (16).

In this particular case, (84) gives a decomposition of #;(0) in the Hermite polyno-
mials. We see that the rank of Hermite of #;(6) is m = 1. Hence, we can conclude
that, if y,(¢) = O(t~?) for some a > 0, the rate of convergence of én is pmin(a/2.1/2=0)
for any 6 > 0.

Remark. Assume that we are looking for changes only in the variance of the process,
and not in the mean, @ = (o7). Assuming that EY; = u for any i >1, we estimate (t, )
by minimizing the function J,(z,0) defined by

K

1 Y, — ul]?
Ju(z.0)= - > (% + m log a,§> . (84)

k=1 k

In this case, for any 0 = ¢?,
1
ni(0) = —((¥; = EY;)* = Var ¥) (85)

and the Hermite rank of # is 2. Then, if y.(¢) = O(t~*) for some a > 0, the rate of
convergence of 0, is n™™@1/2=9) for any & > 0.

We apply this method for detecting changes in the distribution of financial assests.
The series of the CAC 40 index is displayed in Fig. 1. We estimate the configuration
of change points by minimizing the penalized contrast function proposed in (59) with
the function J, proposed in (80):

(fn’ énak"l)

—arg min inf li M—i—nklogaz + RS, (86)
n a2 k S

1<K <K (v, 0) € Tgsx Ok — %

The estimated configuration displayed in Fig. 1 was obtained with 5, =20. Of course,
with a finite number of observations, we must adjust the parameter f, in order to
obtain a good resolution level in the segmentation.

We can see that there are no sudden changes in the mean which remains very close
to zero. However, we detect three regimes in the variances of returns, that is, three
different regimes in the pattern of the market volatility: the second interval is very
short and corresponds to high volatility in the market place, the first and the fourth
interval may refer to a regime of low volatility, while the third interval corresponds to
a period of stable volatility.
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L | 1 1 1
50 100 150 200 250 300 350 400
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Fig. 1. Detection of changes in the CAC 40 index: (a) the observed series, (b) the estimated configuration
of changes.

4.3. Detection of changes in a discrete distribution

We consider here the case where Y; takes its values in a finite set, &/={c|,cs,...,cp}-
For any #* | + 1<i<t}, let pgm = P(Y: =cy).

The changes affect here the vector of probabilities 0 = (pim, | <m<M), with
an/[:l Pim = 1. We assume that there exists 0 <a < b <1 such that a < py, <b
for any 1 <k<K and any 1 <m<M. Thus,

M
@{0(p1,---,pM), a< pm<b, mel}.

m=1

We estimate ) in segment £ by minimizing W,(Y;,0) in @ defined by
M
W(Yi0) = —— Z:lnkm 10g P (87)

where ny, is the number of observations in segment & that take the value c,. Here,

M
v(0k,0;) =) pjmlog (@)

m=1 Prom
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is the Kullback—Lieber distance beetween two discrete distributions, and condition H1
is satisfied. On the other hand, for any 0 € @ and any 1<i<n, we have

M
0:(0) =" 1og pu(lly,=e, — P(Yi = cn)) (88)
m=1
and condition H2 is satisfied. Here, inequality (16) is satisfied with a value of 4
that depends on the autocovariance structure of (1;(0)), that is on the strong mixing
coefficients of (Y;). In fact, there exists a constant C > 0 such that, for any 0 € O,

M M
En(O0)n:5(0) =Y > " log pulog pi(P(Y, =y, Yyes = /)
m=1 /=1
—P(Y, = ca)P(Yis = ¢/))
< Ca(s) (89)

where (a(s)) is the sequence of strong mixing coefficients of (Y;). Then, if a(s) =
O(s™), the rate of convergence of 0, is n™"(@/212=9)  for any & > 0.

We present an application to real data to illustrate the method. Fig. 2 represents the
heart rate of a new-born baby. It can be very useful to identify automatically heavy
and light sleep periods from this series.

In this example, the observed process Z=(Z;) is not discrete. Nevertheless, we define
a discrete process Y as follows:

Yi=m if xp_1 <Z; <xy

650

600

550

500

450 ‘

400

350

I
|
|
|
|
|
|
|
|
|
|
|
|
|
1

300 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000

Fig. 2. Detection of changes in the heart-rate of a new-born baby: (---) the configuration of changes obtained
with external measurements, (—-) the estimated configuration of changes.
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where (x,, 0<m<M) is a sequence of real numbers such that xo < x; < --- <xy.
For this application, we used a equally spaced sequence (x,) with M =20. Assuming
that the changes that affect the distribution of Z affect the distribution of Y, we shall
recover the configuration of changes as follows:

K M
A . . 1
(£,,0,,K,)=arg min o elryl{a-xek - Z anm log pim + K . (90)

<K<K
I<K<Kk k=1 m=1

External measurements (such as that of the eye-lids’ movements) allow us to know
that the heavy sleep period is approximatively between data 1300 and data 3200. We
can see in Fig. 2 that the changes detected by the algorithm with f§, =300 agree with
the exact instants of change.

Of course, looking at Fig. 2, one is tempted to introduce an additional change at
about ¢ = 500. Indeed, this change is well detected with a smaller value of f3,, but it
is very difficult to decide, with only one trajectory, if there is really a change which
affects the marginal distribution of the data, or if this “jump” is due to the dependence
structure of the data. Nevertheless, this example is very interesting, since the two
significative changes are well recovered without any assumptions on the dependence
structure of the data.
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