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Abstract

We consider a fixed design regression model where the regression function is assumed to be smooth, i.e., Lipschitz
continuous, except for a point where it has only one-sided limits and a local discontinuity occurs. We proposc a two-step
cstimator for the location of this change point and study its asymptotic convergence properties. In a first step, initial
pilot estimates of the change point and associated asymptotically shrinking intervals which contain the true change point
with probability converging to | are obtained. In the second step, a weighted mean difference depending on the assumed
location of the change point is maximized within these intervals and the maximizing argument is then the final change
point estimator. It is shown that this estimator attains the rate O,(n~") in the fixed jump case. In the contiguous case, the
estimator attains the rate O,(n~'A, ?), where 4, is the sequence of jump sizes which in this case is assumned to converge
to 0. For the contiguous case an invariance principle is established. A sequence of appropriately scaled deviation processes
is shown to converge to a two-sided Brownian motion with triangular drift.

keyword: Asymptotics; Brownian motion; Discontinuity; Functional limit theorem; Nonparametric regression; Rate of
convergence; Triangular drift; Weak convergence

1. Introduction

The problem of locating a discontinuity or change point in an otherwise smooth curve is highly relevant
for the statistical description and analysis of discontinuous phenomena; compare, for instance, McDonald and
Owen (1986) for various interesting applications. Estimates for change points in nonparametric regression
functions have been proposed in Miiller (1992) and Wu and Chu (1993) based on kernel estimates and in
Miiller (1993) based on locally weighted least-squares estimators. The locally weighted least-squares approach
for change-point detection can be easily extended to cover generalized linear and quasi-likelihood models, using
similar methods as in Fan et al. (1995). A somewhat different approach based on semi-parametric modelling
was developed in Eubank and Speckman (1994).

Expressed in terms of “equivalent™ kernels, all these estimators are different variants of essentially the same
idca: Take differences of estimates of right- and left-sided limits of the unknown regression function and
then use the maximizing argument as change-point estimate. The auxiliary estimates of one-sided limits of
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functions used in these procedures are constructed by using boundary kernels (or, in case of locally weighted
least squares, equivalent boundary kernels) which have one-sided supports and center to a point on the edge
of the support in terms of their moments. For this type of procedure, using smooth kernels, respectively,
weight functions, it was shown in Miiller (1992) that the Op-rate of convergence is n~'*¥ for arbitrary small
y > 0. The limit process of an appropriately scaled deviation process was found to be a Gaussian process
with parabolic drift. A corresponding invariance principle was obtained for both fixed and contiguous cases.

We show here that the asymptotic rate of convergence can be improved by adding a second step to the
difference-based procedure. We thus effectively achieve an O,-rate of convergence of n~! in the fixed jump
case as well as a limit process. The limit process corresponds to a two-sided Brownian motion with drift in
the “contiguous” case.

More specifically, we consider the following model: Assume » measurements y| ,, ¥2.n,-.., Vu.n are made,
following the fixed design regression model

Yin = g(Xin) + &ins Xin = ifn. (1.1)

We assume that the errors ¢;, are Lid. with Eg, = 0 and Ea,»z‘,, = ¢2, and that the unknown regression
function ¢ can be decomposed into a smooth part 4 and a discontinuous part:

g(x) = h(x) + A ljuy(x), 0<x<1, |4, =77, (1.2)

where 14(-) is the indicator function of a set 4, 7 is the unknown change point to be estimated, and 4,, is the
jump size which possibly depends on n; & is a “smooth” function, assumed to be Lipschitz continuous, but
not necessarily differentiable, and 7, is a positive sequence of real numbers. The “contiguous” jump size case
(Bhattacharya and Brockwell, 1976), for which we will derive a functional limit theorem, is characterized by
vn — 00 as n — oo, whereas in the fixed jump case, 7, = const.

We note that no specific assumptions are necessary regarding the shape of the “smooth” part A4 of the
regression function g, beyond basic smoothness properties. This implies that the relevant measurements for
estimating the change point 1 are only those in a (small) neighborhood around t; if this neighborhood is
sufficiently small, the actual shape of # will not matter. It will become evident that for asymptotic results one
may approximate the regression function in a small neighborhood of t by a step function

g =c) +cz2lryy  with constants ¢y, cs.

Assumptions and the proposed new estimator 7 for the change point 7 are introduced in Section 2, which also
contains the main results (Theorems 2.1-2.3). We show in Theorem 2.1 that under reasonable assumptions,
one obtains for the rate of convergence |t — 1| = Op(n~';2). This implies |2 — 7| = Op(n~") for the fixed
jump case.

In Theorem 2.2 below, a sequence of stochastic processes is introduced which have a properly scaled
deviation between T and t as argument. The weak convergence of this sequence of processes to a two-
sided Brownian motion with triangular drift is established. Theorems 2.1 and 2.2 then imply the limit result
(Theorem 2.3)

n*,',,‘?'(% -1) Eqpe arg max {W(t) - m}
(R 2
for the contiguous case, where y, — 0o. Here W(-) stands for two-sided Brownian motion. These results
indicate that the asymptotic convergence behavior of the new estimator is superior as compared to asymptotic
convergence properties established previously for kernel-based estimators or other estimators of change points
in a smooth regression setting under minimal restrictions on the errors ¢; ,.

In Section 3, it is demonstrated that a kemel-based pilot estimator exists which has the required properties.
The proofs for the convergence rates are in Section 4, while those for the weak convergence and invariance
principle are in Section 5.



H.-G. Miiller, K.-S. Song | Statistics & Probability Letters 34 (1997) 323-335 325
2. Proposed estimators and main results

In the following we omit indices n whenever feasible. We assume t € (0, 1) for the change point t defined
in (1.2) and make the following assumptions:

(A1) The errors ¢, occurring in the model (1.1) form a triangular array of i.i.d. random variables with
Et, =0 and var(e;,) = 0% < o0.

(A2) The “smooth™ part 4 of the regression function in (1.2) is Lipschitz continuous on [0, 1].

(A3) The jump sizes 4, in (1.2) satisfy |4,| = y;}, where 3, — 20, ny, 2 — oc (“contiguous” jump case).
Or alternatively,

(A3') The jump size is fixed at 4, = 4.

(A4) A pilot estimator T of 7 is available which satisfies

P(IT-1|<a,)—1 asn— x,
for a sequence a, satisfying

=l 0.

“ 2 -1
@y — 0, /,,(nan) — 0, na,,/,,

Note that this implies @, — 0 and na, — oc as n — oc.

A specific example for a pilot estimator T satisfying (A4) is provided in Section 3. Consider now the
random intervals

[ro.r1] = [T — an T+a,] and [sq, 5] = [T — 2a,, T+ 2a,)].

Let /, be the counting measure on the points x; , = i/n, i.e., 4,(4) is the count of those x;, satisfying x; , € 4
for a set A C R. The statistic on which we base our proposed change point estimator 7 is

Tu(t) = [(t — —1)]"? i o 2.1

(1) = [(t = s0)(s1 — 1)] "{[m]} ;] n{so”)}‘e%:,)y (2.1)
and we define

t = arg max | T,(¢)]. (2.2)
te(ro,rn}

Note that T,(¢) is a weighted difference of the means of the observations falling into the subintervals defined
by the partition of [s¢,s,] induced by ¢.

Theorem 2.1. Assume (Al), (A2) and (A4).
(A) If (A3) is satisfied (fixed jump case), then

t—1]=0yn""). (2.3)
(B) If (A3) is satisfied (contiguous jump case), then
[t — 1 = Op(n~'77). (2.4)

The proofs are in Section 4. This result shows that in the nonparametric regression setting the convergence
rate for the proposed change-point estimate is n~', respectively n~'y2, and therefore the same as the usual
parametric rate for change points; compare Bhattacharya and Brockwell (1976) and Diimbgen (1991) for these
results when a sequence of i.i.d. random variables is subject to a change in distribution at the change point. For

this problem, nonparametric methods for change-point detection were also investigated by Darkhovski (1976)
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and Carlstein (1988). In these works, “nonparametric” refers to the unknown distribution of the sequencc
of i.i.d. random variables, whereas in the setting considered here, “nonparametric” refers to the unknown
regression function which is only supposed to be “smooth”, but is not required to belong to a class of finitely
parametrized functions.

Our main result concerns the weak convergence of a suitably standardized deviation process to a two-
sided Brownian motion with triangular drift. Let = denote weak convergence in the space Z([-M,M]); cf.
Billingsley (1968).

Theorem 2.2. Let M >0 be an arbitrary constant and assume that (A1)-(A4) hold, with », — > (contiguous
Jjump case). Then

Z,(t) = Z(t) on ([-M,M)), (2.5)
where
Zy(1) = (n7;7 ) = so)(s1 — D51 = s)HiTw(r + 0 i) — |Ta(o)l ], (2.6)

Z(ty = oW(1)— 3t 2.7)

L}

and W(-) is a two-sided Brownian motion.

In the fixed jump case, one obtains a random walk in the limit. The weak convergence result Theorem 2.2
together with the consistency result of Theorem 2.1 implies

Theorem 2.3. Under (A1)-(A4), with y, — > (contiguous jump case),

N t
ny72(3 - 1) L 6® argmax {W(t) - U} . (2.8)
teR 2

The existence of a unique maximizer of the r.h.s. of (2.8) with probability 1 was demonstrated in
Bhattacharya and Brockwell (1976).

3. A kernel-based pilot estimator

For the results in Section 2, a pilot estimator of 7 is required which has property (A4). In this section, we
provide examples for such pilot estimators which arc based on differences of one-sided kernel cstimates. These
are aimed at estimating one-sided limits g.(x) = lim,|, g(»), y_(x) = lim,, g(»), and are constructed with
one-sided kernel functions K., K_. As an example, one may usc the fixed design nonparametric regression
estimators

1 " (X, 4 X0 ) 2 Y—u
g+(x) = b—Zyi/ Ky ( 5 >du. (3.1)

i—1 (x, 1=x.)2

which target cg+(x). Here b = b, is a sequence of bandwidths, ¢ is a constant depending on the kernel (see
(K1) below), and we set xo = 0, x,., = 1. The precise form of the estimator is not important, however, and
one might as well choose other one-sided smoothers, like locally weighted least-squares estimators, where one
would fit local lines in one-sided windows.
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For the kernel functions K, ,K_ in (3.1) we require

(K1) K_ has support [0,1], is bounded and Lipschitz continuous with the possible exception of finitely
many points where only one-sided limits exist; K.. satisfies ¢ = /01 K_{(x)dx > 0, fol K_(x)xdx = 0 and
.[0] K _(x)yx?dx < oc.

Examples are K_(x) = 12x(1 — x)(3 — 5x)1jo1) or K_(x) = 4(1 — %X)lm,l], both with ¢ = 1. It is natural
to relate K., K_ by

(K2) Ky(x) = K_(—x).

For the errors ¢; we make the additional assumption

(K3) Ele]f < > for some s > 4.
Finally, for the sequence of bandwidths b,, we require

(K4) b, — 0, nb,/logn — oc, y2(nb,)~" — 0, nb2y,;' — 0, liminf,_ . n=%"(nb,logn)' * > 0 for an r
with 2 < r < s, where s is as in (K3), and

(KS) 7a[by + (logn/nby)'?] — 0,
where 3, is the rate of convergence of the jump size as defined in (A3). Requirements (K4), (KS) on the
bandwidth sequence arc consistent and impose a lower bound on the rate of convergence 4, — 0 for the
contiguous change-point casc.

Defining the preliminary or pilot kernel estimate T of T by

t = argmax |§_(x) — g_(x)|, (3.2)
X
the desired result is

Theorem 3.1. Under (K1)—(K5) and (A1)-(A3), where (A3) can be replaced by (A3'"), it holds that

P(|T—1|<by) > 1 asn— oc. (3.3)

It is obvious that (3.3) implies (A4) for pilot estimators T (3.2), choosing a, = b,. The method of one-sided
kernels may thus be employed as a first step to obtain appropriate initial estimators 7, from which we obtain
in a second step the final estimator 7 (2.2).

Proof of Theorem 3.1. We note that the assumptions on the errors (K3) and on Kernels (K1), (K2) and
bandwidths (K4) allow us to infer, by slightly modifying the arguments in Miiller and Stadtmiiller (1987),
that

. . logn\'?
sup |g4(x) — cg+(x)] = Op <b + ( £ ) ) , (3.4)
el nb

where the interval / is such that all points in the b-neighborhood of /,
Ap(l)y={z€[0,1]: |z —x|<b, x € 1},

are continuity points of ¢, i.e., g.(¥) = g_(y) for all y€.43(/).
If we can ignore boundary effects, for instance by assuming that the range of abscissae where data are
available extends somewhat beyond [0, 1], then (3.4) can be applied on [, = [0,7 — b]U [t + b, 1],

I 1.2
sup |g4(x) — cg+(x)| = Op <b + <3g—"> ) : (3.5)

i nb
By dcfinition of t, this implies

A;7'G,(t) = §_(t)| — ¢ in probability as n — oc. (3.6)
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It follows from (3.5) and (3.6) by a geometric consideration that ¥ = argmax |g, (x) — §_(x)| then satisfies
P(lT—1| > b")<P<sup |G (x) — cg(x)] > %cA,,) — 0 as n— 00,
x€l,
according to (3.5) and (K5). O
We note that the familiar bias expansion can be carried out for (§_(x)—g_(x))—c(g+(x)—g-(x)) without
the assumption [ K_(z)zdz = 0, if the smooth part 4 of the regression function is differentiable at x. Thus,

if h 1s differentiable everywhere, except possibly at 7, then the result holds with condition (K1) modified by
removing this additional moment condition.

4. Proofs: Consistency

Throughout this section, we use the functions

p(1) = (1 = so)(sy — 02,
R(t) = p(:){(,in{[z,s,]})-' > b= CallsnOD™ Y ;;,}, so <t <si,
x€[Ls)) X, €[s0.2)

and A(t) as defined in (1.2). Maxima and minima are denoted by V and A. We also define random variables
Vi =2L(|t = 50| V |t = 51,

where L is the Lipschitz constant of k. We assume that (A1)-(A4) hold, with (A3) possibly replaced by
(A3"), and define the event

E, = {T € [r(),r|]}.

According to (A4),P(E,) — | as n — 20, and, denoting by E€ the complement of any event E, this implies
for any sequence {, and any M > O:

P(Ln

so that it suffices for the consistency proof to consider what happens on events E,. The following arguments
are therefore on events E,, which is not always explicitly stated.

The proof of Theorem 2.1 is by contradiction. Suppose that | — 7| = O,(n~'72) does not hold. Then there
exists a § > 0 and M, — oc such that for events

T—1] > MYSP{{T—1| > M}NE,)+ P(ES),

Fy= {2 |t =1 > M,}
one has limsup, . P(F;) > 0 > 0. One can therefore find subsequences of the n’s where P(F,) > §/2 and

P(E,NF,) > /4 for n large enough. 4.1
The proof of Theorem 2.1 follows if

P(ITy(1)] > |Tu(5)]) > 0, (4.2)
as this leads to a contradiction with the fact that by definition,

t=arg max |T,(¢t)| for all a.
t€{ro,n)
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To show (4.2), representations of 7,(¢) are necessary which relate differences in the values of T, to differences
in the arguments.

Lemma 4.1. For t € (sg.51). on E,, one hus the following representation for T,:

nflros1]} An{[SoJ)}
Zn{le,511} /,,{[so.t)}

where sup,c(, . [Vi(t)i <V, = Oplay).

Tn(t)=p(f){ }An+p(f)Vn(t)+R(t)‘

Proof. Assuming ¢t < 1, we find

'r,,m:p(r){(z'.,.{[z.s,]})"' > k) + Ga{les])) DD (h(x) + 40)

xE[47) XE[ns]

(/n So,t)}) Z h(xl }+R(1)

X, €[50, 1)

{{ : 1]]}}A,,+p(z>{(zn{[z,s.1})" > k) = Gaflso. O™ Y "<Xf)}+R(’)~

X, E[t.s) X, Elsa.t)

= p(t)=

Let L be the Lipschitz constant of 4. Then

CGa{les D™ S k) = Gallso. D™ ) Aix)

X ElLs] XE[sat)

(/11{[t SIJ}) Z (h(X,)—h(T))—(/,,{ S() t)}) Z (h(xl)_h(r))‘

€[] X, &[s0.2)
<2L(Jt = sol Vit = s1]) = Vi = Oplan)

according to (A4). Thus,

T(t) = p(t) "{{[ = ]]}}Arl+p(t)’/rl+R(’)~ (4.3)
An Sy
Similar calculations yield in the case ¢ >1:
) = po 2D 4oy 4 R0, (4.4)

Aon { [S(), 1)}
and (4.3) and (4.4) together imply the result. O

Lemma 4.2. On E,. it holds that

T(0)| = [Ta(2) = {p(r) - p(%)< EF :]i ;,,gfﬁiﬁ)] ]

+ {sign 4.} {[p(1) + p(D)] Vs + R() — R(D)}. (4.5)
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Proof. Observe that by (A4),

|45 | % = op(D). (4.6)
and note that

|47 'R p(2) ™|

:‘A;'{(/ﬁn{[fm]})_] 2 o= CaflntlD™ 3 &H

xE[T 5] X €[50 1)
<o | T ol & o}
X €[] X, €[s0.7)
|
a =1 - .
<3y, (nay) {r_zrzasxlsf > b, max, > o } (4.7)
x€[n1) x.€[1.1]
Since by Kolmogorov's inequality
1_ 12 E N 1:2
_max > & =0p([na,]"?) and max Y & = 0p([na,'?),
X Elt.t] x.€[t.1]
it follows from (4.7) and (A4) that
|4 RENP(D)™!| = Op(inlnan]™"2) = 0,(1). (4.8)

Now applying Lemma 4.1 for ¢ = %, we obtain from (4.6), (4.8)

a [T, 811} A An {[50. 7]}
in{l6511}  An {[50,%]}

| Ta(D)] =p(f){ }IAnl+{SignAn}{P(f)V,mR(f)},

and analogously

ITu(0) |= p(0)] 4a] + {sign 4.} {p(x)V; + R(7)},

whence the result follows. ]

Lemma 4.3. Let

_ ooy ooy [ Aflmsi]} o Aaf{[s0. 7))
Oo = p(1) = p(E) (zn{[f.sd} " i.,,{[so,f)}> '
Then, on E,,

Qo> |t — 1] /32

Proof. Let 7 < 1. Then

~ . (s1—1)  (T—150)
Qo = p(t) — p(1) <(SI N A (% —so)>

Gir—1) _ (=1 =) =s0)(s1 — 5p)
p

IR TS R E Y P e e Fas v
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Observe that (7 —sp) V(T —s5) V(51 — )V (s) — 1) <81 — 89 = 4a,. Therefore,

p() [p(B)p(0) + (1 - 50) (51 = )] < (4a,) [(4a,)” + (4a,)°] = 2(4a,) .

Note also that (s; — ) A (T — $0) =a,. We find

=D - -5 =s) _ -DE -)(E-s0) (t-Hay (-1

) 4 > -
Q > 2 (4a,) 2 (4a, )’ 2(4a,) 32

Analogously. for the case 1>1,

(T-1)(s) — 1) (T —50) (81 — 50) (r—r)
) 0
O = PO [p(D)p(T) + (T — s0) (84 — r)] 32

Proof of Theorem 2.1, By Lemma 4.2,

7)) — IT()] = Qo |l {1 + (sign 4y) {("(” e | R - R(%)] }

n 49
QO |An| QO |An| ( )

Now combine Lemma 4.3 with the fact that |t — 1| > n~'2M, on E,NF,. One finds that for arbitrarily small

n

g1 > 0, it holds for all sufficiently large » in the subsequence of n’s which satisfy (4.1), that

lp(x) + p(D)| W _ (p(7) + p(T))7nVn
Pl ¥—m——F+— NE,NF| 2P |{—————— NE,F,
{{ Q0|An| Se! T— T| ';2
Sp|lpt p(R)| W < SLinM NE,AF,
ay a, 32nal

Since V,/a, = Op(1), and ",',,M,,/(naﬁ) — > by (A4), this implies that for any arbitrary £, > 0, for sufficiently
large n,

lp() + p(O Vi _ . }
P|{ —————— NE,NF,
‘ [{ Q0|An| Sol

Some simple algebra shows that

_P(Ean;l)' < 62~ (4[0)

R(T) o R(%) = [P(T)(/:n{[f»~‘>'l]})_ - p(T)(An T sI]}) Z &

‘E[ sil

+Ho(D) Unllso. HD ™" = () Ga{lse. )1 D &

XE[Sy.T)

+sign (T — T)[/)(f)(i,,{[f,.?|]})_l ~ p(T) (A {[50.D)})" ]] Z Py

xE[tAt Tvi]

=0 -0+ 0 (4.11)

Next, we note that the function @(¢) = p(t)()-.,,{[t,.s'l]})_l satisfies

[op(t)) — (22
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for ro<ty, t<r) and a sufficiently large constant D. Obscrve that

Z & Z &

X €[] x€(1.(]

< max = 0,((na,)"?)

<< t+2a,

by Kolmogorov’s inequality. Therefore, by (A4),

01/ 14a(& = 1) = Oy [naa) ™) = 0,(1), (4.12)
and analogously,
Q2/ [4a(T — 1) = 0p(1). (4.13)
Let T < T without loss of generality. Then on E, N F,,
1 |
nit ~ 1 .r,elf/\zf.tvflai S M,,;-jrgj'léz"a,, {; gci } '
From this we obtain by the Hajek-Rényi inequality for constants C|,Cs, A > 0,
P{‘—Q3— > /Z} sP{ ,7"' Z & > )./C,}
Ap(1— 1) n(t—r1) =gt
<p i N e ) < aCy 9, 2 2y I
o (a1} =00 = (5) 5.7
S(mmy<1 - l)ﬁa (4.14)
A M2 2na, '

as n — oc by (A4) and since M, — 2. Now combing (4.11)-(4.14) and Lemma 4.3 we obtain for any
Bi > 0, B, > 0, and for sufficiently large n, in analogy to (4.10),

|R(t) — R(?)|
R ULRL TR

Since Qy < 0, according to Lemma 4.3, it follows from (4.9) that

< fh. (4.15)

P[{lT,,(T)| - |Tn(%)| > 0} NE,NF]

> P [{ (p(t) = PN V| _ l}m{‘R(f)-R(f)
Qod, 4 Oodn

Now (4.10) and (4.15) imply that

1
< Noson)

|P({|T,,(T)| - ITn(%)| > 0} mE,,ﬂF;,)—P(E,,ﬁF;,)| <ﬁ2 +52 < %(i

by choosing appropriate 3, &;. It follows from (4.1) that P(:T,(1)| > |T.()]) > %6, which implies
42). O
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5. Proofs: Weak convergence
We note that by (A4),

Zy(D 7, r) (1) = Zn(1) + 0p(1)

for processes Z, (2.6), where the o,-term is uniform in ¢. It is therefore sufficient to consider in the following
only what happens on the events E, = {ro<t<r}, as in Section 4. Consider sequences

1.2,

u(t)y =t+=n""yt forteR,

define

2(t) = [(t = s0)/(s1 = D],
and consider processes

Xa(t) = ndpp(1)(s1 = 50) ™" [Taun(t)) = Tu(D)].
We introduce the notations

Sy(v.z) = Z g foruv<az,
x,€[v.z]

defining S,(z,v) = —S,(v,z) in case that ¢ > z,

2e{lt, 511}

5 B
Xn(t) = ndnp(t)(si = s0) {p(u"(t)){)L,,{[u,,(t),s,]}

and

Xa(t) = AuSu(un(1).7) + X o(1).
Lemma 5.1. It holds that

Xa(1) = Xo(1) + 0p(1),

where the remainder term is uniform in t € [-M,M].

Proof. From Lemma 4.1,

)‘"{[SO’T)} }A _ }
TG0y} | 4 PO

(5.1)

(5.2)

X,(1) = ndpp(2)(s1 = 50)~" {[R(ua(1)) = R(D)] + [(p(un(t)) = p(7)) Op (@n)]} + Xa(2)

=nd,p(t)(s1 — 50) ™" {[[M(un(2)) — 2(1)}n ™' Su(z.51)]

+[([2(2)]) ™" = [2(un(E)]) ™} )n ™ S50, 7))

+ (N = [p(D)] Y81 — 50In ™ Sa(un(t), 7]

+ [(p(ua(2)) = p(2))0p(@n)] + (51 — 50)[P()] ™' n™ ' Su(un(t), T)} + Xol2)

=T+ 1+ U+ IV 4 4,8, (un(2), 1) + X, ().
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Next we evaluate 1-1V. By a Taylor expansion for x around 7 and applying (A4), we obtain
i

1.2
| = Op(ny, 'ay ' Jun(t) — tln ‘[nanJ"z)=0,,<[ } )zo,,m
na

I} = Op([ [nan] ,,,] )—o,,(l)
[HI] = p(”rn n |u,,(t)—r|
V| = O,(ny, 'a2) = op(1),

where the remainder terms are found to be uniform in ¢t € [-M,M]. O

) = Op([na,] '32) = 0p(1)

Lemma 5.2. /It holds that

EXy(1) = =1t +o(1). (5.3)

Xa(t) — EXo(t) = 4,S:(un(),7) + o(1), (5.4)
where the remainder terms are uniform in t € [-M,M].
Proof. As ES,(u,(t),7) =0, we find from (5.1) that

EX,(t) = EX,(1). (5.5)

Note that
Xo(1) = nAnp(2)(s1 = 50) " H{[2en(1)) = (D1 = Dl (a1 <1
+H([2(un(0))] ™" =[] (2 = 50) Anl )51} }-

Applying a Taylor expansion for x around 1, we find that

Xa(t) = nA,p(t)(s1 — s0)7" { [ (r) (un(t) - 1)

+0(a, * Wun(t) - r)z] (51 = DA iy <1
[ 2/)_1( ) — % ( n(’)_ T)+O(a )(u"([)_T)Z (T_SO)Anl{u_.,(l)zr}}

1 _
= —5nd; (1) = o] + O0ry?fay) (un(t) = ©)°.

where the O-terms are uniform in ¢. Therefore,
EX,(1) = -1 it + o(1)

by (A4), which implies (5.3). Moreover,
Xa(t) = EX,(1) + o(1),

which together with (5.1) and (5.5) implies (5.4). O

Proof of Theorem 2.2, By (5.4) and Donsker’s theorem,
Xa(t) — EXo(t) = A,Sa(un(2),7) + (1) = aW(t), t€[-MM]



H.-G. Miiller, K.-S. Sony | Statistics & Probability Letters 34 (1997, 323 335 335

Since by (5.3), X,(t) = oW (1) - % |t|, and as X, and X, have the same limits according to (5.2), this implies
Xu(t)y = aW()— 1t). 1€ [-MM]

Furthermore, we have the following facts, regarding processes Z,(-) (2.6):

Zy(1) = |X(0) + ndup(1)(s1 — 50) ™' Tu(1)| — |ndup(x)(s1 — 50)~ ' Tu(7)], (5.6)
nd,p(1)(s) = 50)~ ' To(1) = nd2p(T)(s1 = 50) ™ (1 + 0,(1)) & +20, (5.7)
X, (1) 1s stochastically bounded. (5.8)

The result then follows from (5.6)—(5.8) and (5.3). O
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