A Threshold AR(1) Mode
Joseph D. Petruccelli; Samuel W. Woolford

Journal of Applied Probability, Vol. 21, No. 2. (Jun., 1984), pp. 270-286.

Stable URL:
http://links.jstor.org/sici ?sici=0021-9002%28198406%62921%3A 2%3C270%3AATAM %3E2.0.CO%3B2-K

Journal of Applied Probability is currently published by Applied Probability Trust.

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journal s/apt.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archiveisatrusted digita repository providing for long-term preservation and access to |eading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It isan initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Thu Apr 3 13:15:01 2008


http://links.jstor.org/sici?sici=0021-9002%28198406%2921%3A2%3C270%3AATAM%3E2.0.CO%3B2-K
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/apt.html

J. Appl. Prob. 21, 270-286 (1984)
Printed in Israel
© Applied Probability Trust 1984

A THRESHOLD ar(1) MODEL

JOSEPH D. PETRUCCELLI* AND
SAMUEL W. WOOLFORD,* Worcester Polytechnic Institute

Abstract

We consider the model Z, = ¢,Z; ,+ ¢,Z,_,+ a, where ¢,, ¢, are real
coefficients, not necessarily equal, and the a,’s are a sequence of i.i.d. random
variables with mean 0. Necessary and sufficient conditions on the ¢’s are given
for stationarity of the process. Least squares estimators of the ¢’s are derived
and, under mild regularity conditions, are shown to be consistent and asymptoti-
cally normal. An hypothesis test is given to differentiate between an AR(1) (the
case ¢, = ¢@,) and this threshold model. The asymptotic behavior of the test
statistic is derived. Small-sample behavior of the estimators and the hypothesis
test are studied via simulated data.

NON-LINEAR TIME SERIES; TAR MODELS; AUTOREGRESSIVE MODELS; MARKOV
CHAINS

1. Introduction

The study of non-linear time series models has recently received a great deal
of attention (e.g. see Jones (1978), Priestley (1980), and Tong and Lim (1980)).
One class of non-linear models which appears to be particularly useful is the
class of threshold autoregressive (TAR) models introduced by Tong (1978) and
discussed comprehensively in Tong and Lim (1980). Several examples are given
by these authors which show that TAR models provide better fits than linear
models. In addition, TAR models are shown to exhibit strictly non-linear behavior
(e.g. limit cycles) which linear models cannot duplicate.

In Tong and Lim (1980), the problem of model identification and model fitting
was considered and the methods of Klimko and Nelson (1978) were suggested to
obtain sampling properties for the parameter estimators. In addition, only
sufficient conditions were established for the ergodicity of the TAR model.

The present paper deals with these issues for the simplest of the TAR models,
namely

(1.1) ZI =¢IZT—I+¢ZZ:—I+ah t=1v2""’
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where x* = max(x,0) and x~ = min (x, 0). Equivalently, (1.1) may be written
(1.2) Z, = h(Z-)+a, t=1,2,---
where

h(Zi-) = [0 I(Zi-1 > 0) + b1 (Z,-1 = 0)) Z,-,

and I(A)is the indicator function for the set A. In both (1.1) and (1.2) above, we
take ¢, and ¢, to be real constants and assume that {a,; ¢t = 1} is a sequence of
independent, identically distributed (i.i.d) random variables, each having a
strictly positive density, f(-), on R, and mean 0.

Figures 1.1-1.3 show realizations of 250 observations from series (1.1), with
(¢, ¢.) taking values (0.9, 0.5), (0.1, —10.0) and (— 0.4, —2.0) respectively. In all
three realizations, the distribution of the {a,} is taken to be N(0,1).
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We note that even if the a,’s are symmetrically distributed, the marginal
stationary distribution for Z, (when it exists) will be symmetric about 0 if and
only if ¢, = ¢.. Hence, we could also refer to (1.1) as an asymmetric autoregres-
sive model. The analogous asymmetric moving average model was considered by
Wecker (1977) in an attempt to describe the behavior of industrial prices.

In Section 2, we obtain necessary and sufficient conditions on ¢, and ¢, for the
process defined by (1.1) to be ergodic. These conditions are seen to be much
broader than the sufficient conditions obtained by Tong and Lim (1980) for the
TAR and by Jones (1978) for the non-linear autoregressive process (1.2) (see also
Remark 2 in Section 2).

In Sectign 3, we assume that E(| a, ["*¢) < «, for some & > 0. This allows us to
establish the consistency of the least squares estimators for ¢, and ¢, as well as
for the estimator for o> = E(a?). In addition, a central limit theorem is shown to
hold for the estimators of ¢, and ¢.. An hypothesis test, to test whether ¢, = ¢,
is developed in Section 4. The asymptotic distribution of the associated test
statistic is also obtained. Finally, in Section 5, we study, via simulation, the
general behavior of model (1.1) and the small-sample performance of the
parameter estimators and of the hypothesis test when the error terms, {a,}, are
normally distributed.

2. Ergodicity

We note that {Z,; t =0}, as defined in (1.1) is a Markov chain with state space
(R, B), where & is the Borel o-algebra on the real numbers R. The transition
density is given by

2.1) p(x,y)=f(y —dix" — dax").

If u is Lebesgue measure on R, then {Z,; ¢ =0} is u-irreducible and aperiodic
(see Orey (1971) for the relevant definitions).

The following theorem gives necessary and sufficient conditions on the
parameters ¢, and ¢, for the process {Z} to be ergodic.

Theorem 2.1. The process {Z.,t = 0}, defined by (1.1), is ergodic if and only if
¢ and ¢. satisfy

2.2) <1, $.<1 and ¢idh<1.

The region of ergodicity described by (2.2) is illustrated in Figure 2.1 below.
The proof of Theorem 2.1 is divided into the following four lemmas, the first
of which proves the sufficiency of Condition (2.2).

Lemma 2.1. If ¢, and , satisfy (2.2), then the process {Z,; t Z 0} is ergodic.
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Proof. Defining the transition function for the Markov chain {Z.} by
P(x, A)=f p(x, y)dy, XER, AERB
A

then it is easy to show that the transition law {P(x, - )} is strongly continuous (see
Tweedie (1975), p. 393). The result of the lemma will follow from Theorem 4.2 of
Tweedie (1975) if we can find a compact set K C %, having positive Lebesgue
measure, and a non-negative measurable function g on R such that

() Jap(x,y)g(y)dy =g(x)—1, x&K,

(ii) fap(x,y)g(y)dy =A(x)=R <x, x € K, for some fixed R >0.

From (2.2) it is possible to find positive constants a and b such that
1>¢,> —(ab™ ") and 1> ¢,> —(ba'). Then, by choosing

[ ax, x>0
g(x)_{bIXL x =0,

it can be shown that there is an M > () such that Conditions (i) and (ii) hold for
K=[-MM].

The proof of the necessity of (2.2) in Theorem 2.1 is divided into three
lemmas. These lemmas, labelled 2.2-2.4 below, prove the non-ergodicity of the
process {Z,;t =0} for values of ¢, and ¢, which lie in regions I, 11, and 111
(shown in Figure 2.1) respectively.
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Lemma 2.2. If $1=1or ¢.=1 (Region 1 in Figure 2.1) then the process {Z,}
is not ergodic.

Proof. Without loss of generality we consider the case ¢; = 1. Assume first
that ¢, > 1. Then for Z,_; >0, E(Z, | Z.-) = ¢1Z.-,. Thus for any 1< n < ¢, and
Zl—l > 0’

23) P(Z =27 (n +1)Zi1 | Z) = 2E(| @i (0 - DZ-]

by Markov’s inequality. Choose M >0 such that ¢ =2E(|a:|)[(n —1)M] ' < 1.
Then, whenever Z, > M, (2.3) implies that

P(Z,>2'(n+1)Z,| Z)=1-¢
which in turn implies that
P(Z:>2'(n +1)Z,, Z,>27\(n +1)Z,| 2)
z2(l-c2'(n+ ) N-c)=(1-cB)1-0),
where B =2(n +1)' < 1. Continuing in this manner, we have, whenever Z, >
M,
P(Zin>2"'(m+1)Z,1=1,---,t| Z)= H, 1-cB™)
=Z(1-c)"®
for all t. Consequently for any Z, ER,
P(Z - | Z)=(1-c)"""PP(Z,> M| Z5)>0.

Hence, {Z} is not ergodic for ¢,>1.

If ¢, =1, then, given Z,>0, Z, = Z,_, +a, t > 1, is a random walk until the
first time Z, <0. However, for such a random walk, E(T I Z,)= where
T=inf{t >0: Z € (—»,0)}. Since P(Z,> O| Z,)> 0 for any Z, € R, Theorem 7
of Tweedie (1974) implies that {Z,} is not ergodic.

Lemma 23. If $:1<0 and ¢1¢.>1 (Region 11 in Figure 2.1), then the
process {Z,} is not ergodic. '

Proof. Again, without loss of generality we consider only the case ¢, < —1
and ¢.¢.> 1. The proof is similar to that for Lemma 2.2 except that we show
that the Markov chain {Z,,; t =0} has the property that, for any Z,ER,

(2.4) P(Zy—®| Zo)>0.

In particular, it can be shown that for 1 <7 < ¢1¢, there is an M > 0 such that
Z,_,> M implies

2.5) EZ|Z-2)>nZ> t=z2.
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In addition, whenever Z,_.>0, E(|Z, — E(Z|Z-)| | Z-2) = ¢ < for t Z2. By
choosing M large enough so that (2.5) holds and 2&[(n —1)M J'<1, an
argument similar to that used in the proof of Lemma 2.1 implies that (2.4) holds.
Since the chain {Z,} is not ergodic, neither is {Z,}.

Lemma 2.4. If ¢:<0 and ¢:1¢p.=1 (Region 1II in Figure 2.1), then the
process {Z} is not ergodic.

Proof. For definiteness, let ¢, = —1, —1=¢.<0, and ¢,¢.= 1. Then, for
Z,,<0and t =2,

Z=a+(Z-+ ¢1as—1)I(Zn—2 + ¢ra1 < 0)
(2.6) + ¢‘1—2(Z.—2 + ¢la:—1)I(Z|—2 + ¢1a:—1 = 0)
= Z,_z + ¢|a,_| + a, a.s.

But, for t =3,5,7,- - -, the right side of (2.6) can be written as Z,_,+ v, where
{v2j+1;j =1} is an i.i.d. sequence of zero-mean random variables. Define the
random walk {Y,;t=1} by Y, =Z, and

Y=Y+ Y2e-1, t>1.
Consider the stopping times
T(Z)=inf{t >0: Z,., € (0,)}

and
T(Y)=inf{t >0: Y, € (0,x)}.

Now (2.6) implies that {T(Y)> n}C{T(Z)> n} whenever Z;<0. Since the
process {Y;;t = T(Y)} is a random walk and E(y,) =0,

E(T(Z)| Z)Z E(T(Y)| Z) =
whenever Z; <0. The result follows.

Remarks.

1. In terms of the Markov chain {Z,}, the results of Lemmas 2.1-2.4 imply the
following:

(a) The chain is positive recurrent when (2.2) holds.

(b) The chain is transient for ¢, and ¢, in the interior of Regions I or II (see
Figure 2.1).

(c) For ¢: and ¢, in Region III or on the boundary of Region I (Figure 2.1),
Lemmas 2.4 and 2.2 show that the process is not positive recurrent; we
conjecture that it is null recurrent in these cases.

2. Jones (1978) obtained a sufficient condition for the ergodicity of models of
the form (1.2) with k(- ) continuous and a, absolutely continuous. Subsequently,
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Tong and Lim (1980) applied this condition to their TAR. In both cases, sufficient
conditions for ergodicity are derived from Corollary 5.2 in Tweedie (1975).
However, in our case, (2.2) represents a much larger region of ergodicity than
the region | ¢/ <1 and | ¢,| <1 which would result if Corollary 5.2 in Tweedie
(1975) were applied to our model (1.1).

3. The sufficiency of (2.2) may be easily shown to apply for any error term
distribution such that E(]a, |*) <, some 0 < a < 1, by taking

ax”, x>0

g(x)={ blx|, x=0

in Lemma 2.1.
When (2.2) holds, Theorem 2.1 implies the existence of an invariant probabil-

ity distribution for {Z,}. Additionally, we obtain the following result, which will

be used in Sections 3 and 4 and the proof of which appears in Appendix 1.

Theorem 2.2. Assume E(|a,|""*)<® for some £¢>0. Then if ¢, and ¢,
satisfy (2.2), the invariant probability distribution for the chain {Z} has a finite
second moment.

Remark. By using methods similar to those in the proof of Theorem 2.2, we
can show that if E(|a, |**¢) <, for some £>0 and any 0= b ==, then the
invariant probability distribution for the chain {Z,} has moments of order b or
less.

We are now able to consider estimators for the parameters ¢, and ¢, and the
properties of these estimators.

3. Estimation of model parameters

In this section, we assume that the error sequence {a,} has a finite absolute
moment of order 2 + ¢, for some ¢ > 0, so that the stationary distribution for {Z,}
has a finite second moment. Let o denote the common variance of the error
terms. In what follows we shall also take Z to be a random variable, having as its-
distribution the invariant probability distribution for {Z,}, and will denote (Z*)*
and (Z7)* by Z** and Z7*. The least squares estimators for the parameters ¢,
and ¢, are

G.1) ¢ = 2 ZZ:, / Z' z2

(3.2) $.=> 27z, / 2 zZ2
=1 =
and the corresponding natural estimator of o’ is

33) 6i=n"" 2. (Z,— G Zts— $aZ i)
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We note that ¢, ¢, and 67 are also the maximum likelihood estimators for é,
&, and ¢, respectively, under the assumption of a normal error distribution.

The next two theorems establish consistency and asymptotic normality, for the
estimators in (3.1)-(3.3), when the process {Z,} is ergodic.

Theorem 3.1. If ¢, and ¢, satisfy (2.2) then &1, ¢, and 6° are consistent
estimators of ¢., ¢, and o, respectively.

Proof. We first note that (3.1) and (3.2) may be rewritten as

(3.4) b=di+Xzra/ 32
and
3.5) .=+ 2. Z..a / 2 Z2.

Since the Markov chain {Z,} is ergodic, it is strong mixing. This implies that {Z "}
is strong mixing for any power k as is {Z,_, a,}. Hence these latter processes are
also ergodic. Using Hannan (1970) (Theorem 2, p. 203) we obtain, as n — ,
n'>Z?>EZ") as.
t=1
and

n'> Z a,—E(Z")E(a)=0 as.
=1

so that ¢,— ¢, a.s. as n — . Similarly, ¢,— ¢, a.s. as n — .
From (3.3), we obtain

6= n"zaf—(qg. _¢|)nAI izf—ua:
_($2_¢2)nAI227—IaI

and so, by the above results, 6°— o’ a.s. as n — .

Theorem 3.2. If ¢, and ¢, satisfy (2.2), then
lim P((nE(Z"%)"(¢1 ~ )= x0, (nE(Z7)" (2~ ¢2) = yo) = D(x)d(y),

where ®(-) is the standard normal distribution function.

Proof. Let & and & €R and consider
E(RE(Z 7)) (d1 — 1)+ E(nE(Z 7)) (. — ¢2).




278 JOSEPH D. PETRUCCELLI AND SAMUEL W. WOOLFORD

This is asymptotically equivalent to
(3.6) n'? 2 (llllzf—la: + .2 a),
=1

where ¢, = £&/E(Z*%)'"? and ¢, = &,/E(Z7%)"*. However,
{¢|Z:+—|an +ypZ, a,t = 1}

is a martingale difference sequence satisfying the conditions of Theorem 23.1 in
Billingsley (1968). Consequently, (3.6) converges in law to an N(0, o) distribu-
tion where o5 = o’(£1+ £3). This implies the result.

4. A hypothesis test for the equality of ¢, and ¢,
Suppose we wish to test the null hypothesis
Ho: == ¢
versus the alternative hypothesis
H,: ¢: # ¢..

Assuming the error terms {a,} to be normally distributed, a rejection region
for the likelihood ratio test is given by

@.1) A=[6Y6H" "<, >0,

where
Gh=n"'S(Z - $Z ) with &= ZZ., / >z,
=1 =1 =

and 67 is given by (3.3).
Asymptotically, the distribution of —2In A is independent of the distribution
of the {a,} provided that E(| a, |***) < «, for some & > 0, as the following shows.
From (4.1) we have that

—2lnA = —(n—1)ln[1—(<£—¢)2§zf-./ ﬁ‘,a?]

4.2) —(n—1)1n[1—($.—¢.)2§z,+_2./ 2'af
- (4;2 - ¢2)2:=2| Z:_—zl/ 'ZI af] .
Now, by Theorem 3.2, under Ho, as n —x

[V — d2), Vi — d2)] —> [Yi, Y
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where Y,, Y; are i.i.d. N(0,20%/E(Z?)) random variables and Zsis convergence
in distribution. This implies that

Vi —¢)=\fn(<£l—¢l);zrf,/ DE
+ Vg — ) 3 2 / > 72,

25 (Y1 + Yo)2.

From (4.2), a Taylor series expansion shows that —2InA is asymptotically
equivalent, under H,, to

,,(4”,1-@)222,*31/zaﬂn(&z—@)zgzrfl/ 2a
nb-er§zi ) S

This last quantity converges in law to (Y:— Y2’ E(Z%)/40® which has a x’
distribution with one degree of freedom. Hence we conclude that P(—2In A = x)
converges in law to a x distribution function with one degree of freedom, as
n —, under the null hypothesis.

4.3)

5. Small-sample properties

Simulations of model (1.1) were run to determine the small-sample properties
of the estimators defined in Section 3 and the hypothesis test defined in Section
4. In all simulations, the distribution of the {a,} was taken to be N(0, 1). For ¢,
¢- in the interior of Regions I and II of Figure 2.1, the transient nature of the
process was readily apparent as diverging sample values caused machine
overflows in every instance tested. For ¢, ¢, in Region III, the hyperbolic
boundary of the region of ergodicity, or on the boundary of Region I, no such
overflows occurred. This behavior is similar to that of an AR(1) process when
|¢|>1and | ¢ |=1, respectively.

Selected results from the simulation are tabulated in Tables 5.1 and 5.2. The
parameter values for ¢, and ¢, represented in these tables lie in the region of
ergodicity and in Region III of Figure 2.1. For each ¢, ¢, pair, 1000 simulations
were run, first with 50 observations (Table 5.1) and again with 100 observations
(Table 5.2). The sample values generated by each simulation were used to obtain
estimators for ¢, ¢, and o? via (3.1)~(3.3) and —2In A was calculated from (4.1).
The quantities recorded in Tables 5.1 and 5.2 (see Appendix 2 for the
computational formulas) are:

M(d;,») — average ¢; for 1000 simulations, j =1,2,
SE(¢3,~) — standard error of 43, for 1000 simulations, j =1,2,




TABLES.1
Simulation results based on 1000 simulations of 50 observations each

08¢

&, & M@$)  sEd)  M(@$)  SE(S) MESE(S) SESE(P) MESE(S) SESE() M(6)  SE(G) POl P05
0.9 0.5 0.838 0.127 -0.132 12.119 0.090 0.039 0.665 9.447 0.954 0.192 0.069 0.248
09 -0.5 0.860 0.085 —0.943 3.909 0.072 0.021 0.777 3.585 0.959 0.197 0.678 0.861
0.9 -10.0 0.894 0.034 -10.134 1.817 0.033 0.010 1.224 1.842 0.952 0.202 0.971 0.984
0.1 0.5 0.039 0.259 0.451 0.182 0.237 0.051 0.159 0.031 0.953 0.197 0.101 0.248
0.1 -0.5 0.087 0.167 -0.510 0.248 0.166 0.018 0.232 0.034 0.965 0.202 0.283 0.516
0.1 —-10.0 0.101 0.031 —9.992 0.317 0.029 0.005 0.294 0.056 0.962 0.204 1.000 1.000

-0.1 0.5 —-0.144 0.268 0.462 0.160 0.259 0.059 0.151 0.025 0.967 0.199 0.228 0.470
—-0.1 -0.5 —-0.102 0.175 —0.508 0.224 0.171 0.018 0.213 0.027 0.961 0.204 0.117 0.289
*~0.1 —-10.0 —0.098 0.007 —9.996 0.052 0.003 0.003 0.030 0.032 0.959 0.197 1.000 1.000
-0.9 0.5 —-0.930 0.328 0.474 0.135 0.307 0.068 0.125 0.015 0.968 0.196 0.943 0.984
-0.9 -0.5 —0.880 0.169 —0.484 0.143 0.163 0.024 0.134 0.018 0.959 0.193 0.211 0.461
09 0.9 0.714 0.562 0.673 1.113 0.190 0.448 0.206 0.746 0.950 0.199 0.010 0.067
0.5 0.5 0.436 0.202 0.440 0.209 0.183 0.047 0.184 0.049 0.967 0.196 0.014 0.067
-0.5 -0.5 —-0.499 0.182 —0.492 0.168 0.173 0.020 0.173 0.021 0.956 0.195 0.009 0.047
-0.9 -0.9 —0.877 0.105 —-0.878 0.101 0.092 0.024 0.093 0.024 0.958 0.204 0.013 0.065
*—0.2 -50 —0.196 0.011 —4.997 0.044 0.006 0.006 0.028 0.029 0.951 0.202 1.000 1.000
-0.2 —49 —-0.190 0.019 —4.891 0.077 0.013 0.008 0.064 0.038 0.966 0.193 1.000 1.000
-0.19 -50 —0.180 0.022 —4.991 0.096 0.016 0.008 0.081 0.039 0.958 0.203 1.000 1.000

* Simulations for ¢, and ¢, in Region III, Figure 2.1
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MESE(¢;) — average estimated standard error of ¢ for 1000 simulations,
i=12, |

SESE(d;,-) — standard error of the estimated standard error of ¢; for 1000
simulations, j =1,2,

M(gd)  — average ¢ for 1000 simulations

se(¢)  — standard error of ¢ for 1000 simulations,

P01(p05) — sample power of the hypothesis test at the 0.01 (0.05) level of
significance.

In the course of 1000 simulations of series of length 50 with ¢, = 0.9, at least
one series consisted of only non-negative values. In theory, this presents no
problem as one would fit an AR(1) to such a series using ¢, to estimate the AR
coefficient (¢, would be set to 0). However, for the purpose of simulation, this
causes MESE(.) and SESE(¢,) to be infinite. To avoid this problem, our results in
Table 5.1, corresponding to simulations with ¢, =0.9, were obtained by using
1000 simulations for which there were both positive and negative observations.
We note that this situation did not occur for the longer series represented in
Table 5.2.

Among the properties observed in Tables 5.1 and 5.2 are the following:

1. In general, é, and ¢, exhibit better overall performance when ¢, and ¢,
are both negative. This may be a result of a fairly even distribution of positive
and negative observations occurring for the negative values of ¢, and ¢. tested.

2. As ¢i(¢,) approaches 1, while ¢(¢) remains fixed, the parameter
estimates for ¢.,(¢;) become unstable. This is not true as the parameter values
approach the hyperbolic lower boundary of the region of ergodicity. In fact, as
the last three entries in each table indicate, the behavior of the parameter
estimators 43. and q§2 is better when ¢, and ¢; are on that lower boundary than
when ¢, and ¢, are near the boundary but in the ergodic region. One possible
explanation for this phenomenon may be that, for relatively short series, values
of ¢, and ¢, in Region III of Figure 2.1 result in a greater separation of negative
and positive observations, a situation which generally seems to result in more
accurate estimation.

3. On average, the expected standard error, MESE( - ), tends to underestimate
the corresponding sample standard error, SE(-).

4. The performance of & is consistent throughout and does not seem to be
affected by the performance of ¢ or é..

6. Concluding remarks

Extensions of these results to the more general sETAR (/;1,-- -, 1) model (see
Tong and Lim (1980)), for both the known and unknown threshold case, are
currently being investigated.
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Appendix 1

Proof of Theorem 2.2. Due to symmetry, we shall assume that ¢, < ¢,
without loss of generality. This implies that | ¢,| < 1 and hence that there exists a
ko=1 such that

ko=min{k =1:| " "| <1}

Note that for ¢, = —1 and — 1< ¢, =0, ko, =2 by hypothesis and so k >2 only
if $;=-1 and 0<¢.<1. Let k*=ko—1, a =max(|¢:|,|$:|) and 5 =
2" —1. Then

kO
A1) Z |<alé.]” |Zr~l«,|+|Zv—ko|i§_:5iI(€i > B; IZ'_"°I)+,§-; Y | @i-sgi |,

where {§;;1=j=n}, {B;;1=j=n}and {y;;1=j = ko} are sequences of posi-
tive constants depending only on ¢,, ¢. and k, while, for 1 =j = 7, g; is a linear
combination of {a,—«+1;1=1= ko} and as such has a finite absolute moment of
order 2 + ¢ and has zero mean and is independent of Z,_,,. We also note that, by
definition, 0= a | ¢.|* < 1. From (A.1.1), we have

(A.12) E(Z||Zo)=alé]*| Zis| + M,
where, by Markov’s inequality,

E(1Zisi| I > B | Zii )| Z) S BT'E(| 1), 1=j=n,

and
E(lai||Z-)=A,  1=j=sk
so that we may take
kO
Miz 3 %A + 3 887E(| 51 )).
“ 5
However, (A.1.2) implies that, if R, =maxosisi, E(| Z | | Zo), then

(A.13) E(|1Z || Z)=[a|d:[TRi+ M, :lea | 62117,

where u =[t/ko] and [ ] is the greatest integer function. But, the right side of
(A.1.3) is bounded independently of ¢. Hence, there is a constant B, > 0 such that

E(|Z||Z)=B,<», Vi
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For any integer v =2, we use (A.1.1) to obtain

|Z " <[a|¢:]"V | Zi " +|z-k,,l"§. 871(e;> By | Zuso)

A.l14 ‘
(A.14) 51 Zors | G+ ),

where f; (¢, -+, ) is a polynomial in which the powers of | Z,_,, | do not exceed
v —1 and all indicator functions are replaced by their upper bounds of 1. Using
(A.1.4), with v =2, we obtain

AL5)  E(ZF|Z-)=[alé: Pl Zowf + £l Zio )+ M,
where f,(-) is a polynomial of degree 1 or less and
E(1Z+ (&> B | Zis)| Z) = BE(e])

so that we may take

M.z 3 81;°E(e)).
j=1
In addition,
E(fA| Z-w)|Z)=f(B) Vi

where fy(B,) is f2(x) evaluated at x = B,. Hence, letting M = M, + f,(B,) and
R,= MaXosisk, E(' Z lz ‘ Zo),

(2P| Z)=[a|6: ] P*Rot M3, [a| T

Again, the right-hand side is bounded independently of ¢ so that
(A.1.6) E(Z}|Z)=B.,<»

for some B,>0 and all ¢.

Now choose an integer | such that I”'<¢<1. Let »=2/+1 so that
v/l =2+17'<2+ £ Using (A.1.4) and the fact that, for 0<a <1, |2/, ¢ [|* =
21| ¢ |*, we obtain

|ZF =[a| V1 Zisiol + U Zioko)s | @imsona ], 5[ a1 ])

+Zosf i 851(e,> By | Zso]),

where p =»/l and f{’(-) is a polynomial in fractional powers {m/l;m =
1,---,2l} of | Zis,| and {m/l;m =1,--,2] + 1} of the | a |’s. Consequently,

E(Z | Z-)=[a|6:/V | Zio ] + MO+ (] Ziio])
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where f¢ is a polynomial in fractional powers {m/l;m =1,- - -, 21} of | Z,_4 | and,
since

E(|Z-wI(e; > Bi | Zito )| Zi) = BiPE (| & ),

we may take
m,
MOz 3 8187 °E(|& ).
j=1

We now use (A.1.6) to obtain E (f$(| Zi-|)| Zo) < BY’ < = for some 0 < BY’ <
and all t. Hence, taking M® = M’ + BY’ and R’ = maxosmsi, E(| Zn |* | Zo), we
can again bound E(| Z, |° l Z,) independently of ¢ as we did to obtain (A.1.6).

Using Feller (1971), pp. 251-252, along with the ergodicity of {Z}, we
conclude that

E(1Z[|z)—>E(ZP)<e
for Z a random variable having the invariant probability distribution for {Z,}.

Appendix 2 Computational formulas for Tables 5.1 and 5.2

Let {Zau;k =1,---,n} be the observations generated for the ith simulation,
i=1,---,1000, where n = 50 (Table 5.1) or n =100 (Table 5.2). In addition, for
the ith simulation, let &; denote the estimator for o and ‘ﬁji denote the estimator
for ¢, j=1,2.

From Theorem 3.2, the asymptotic standard errors of ¢, and ¢ are
a(nEZ**)™" and a(nEZ~*)™"? respectively. Hence, for the ith simulation, we
estimate these standard errors by

(A2.1) BSE(bis) = 6 ( kZ Z:?) -
(A22) ESE(¢b2 ) = 6 ( kZ z;f) 'm.

The quantities in Tables 5.1 and 5.2 are then computed as follows:

(A.2.3) M(6)=(1000)" 2 b1 j=1.2,
A28 sd)=|a000y S d-w@y] . i=12

(A.2.5) MESE(¢; ) = (1000)™" lf ESE(di), j=1,2,

1000

A26)  sese(d)=[1000)" ¥ @sed) -vese@a)y| L i=1.2,

i=1
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1000

(A2.7) M(6) = (1000)™" 2 G,
and
(A.2.8) SE(G) = [(1000)”' ZI (6: — M(é‘))z] l 2.

Finally, the quantity p01 (p0S) is the proportion of the 1000 simulations for which
the value of —2InA (see Section 4) exceeds xiom (xf_(,_(,_;).
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